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Introduction 

This lecture consists of two sections. In section 1 we consider the simplest version of a g-deformed 
Heisenberg algebra as an example of a noncommutative structure. We first derive a calculus 
entirely based on the algebra and then formulate laws of physics based on this calculus. Then 
we realize that an interpretation of these laws is only possible if we study representations of the 
algebra and adopt the quantum mechanical scheme. It turns out that observables like position or 
momentum have discrete eigenvalues and thus space gets a lattice-like structure. 

In section 2 we study a framework for higher dimensional noncommutative spaces based on 
quantum groups. The Poincare-Birkhoff-Witt property and conjugation properties play an es- 
sential role there. In these spaces derivatives are introduced and based on these derivatives a 
g-deformed Heisenberg algebra can be constructed. 



Chapter 1 

g-Deformed Heisenberg algebra in 
one dimension 

1.1 A calculus based on an algebra 

We try to develop a formal calculus entirely based on an algebra. In this lecture we consider 
the q-deformed Heisenberg algebra as an example and define derivatives and an integral on purely 
algebraic grounds. The functions which we differentiate and integrate are elements of a subalgebra 
- we shall call them fields. The integral is the inverse image of the derivative - thus it is an indefinite 
integral. For the derivatives a Leibniz rule can be found quite naturally and this leads to a rule 
for partial integration. 

The algebra 

As a model for the noncommutative structure that arises from quantum group considerations 
we start from the q-deformed relations of a Heisenberg algebra. 

1 -1 -A 

q^xp—q 2px = iA, 
Ap = qpA, Ax = q^^xA (1.1) 

g e M, q=^0 

As it will be explained in the following the algebra has to be a star algebra to allow a physical 
interpretation. We are now going to argue for such an algebra that is based on the relations 



(1.1). The element x of the algebra will be identified with the observable for position in space, 
the element p with the canonical conjugate observable, usually called momentum. Observables 
have to be represented by selfadjoint linear operators in a Hilbert space. This will guarantee real 
eigenvalues and a complete set of orthogonal eigenvectors. 

For this reason we require already at the level of the algebra an antilinear involution that will 
be identified with the conjugation operation of linear operators in Hilbert space. At the algebraic 
level we use bar and at the operator level star to denote this involution. Algebraic selfadjoint 
elements will have to be represented by selfadjoint operators in Hilbert space. 



As a first step we extend the algebra (1.1) by conjugate elements x, p, A and find from (1.1 

1 _i -J- , , 

q^px — q ^xp = —iA (1.2) 

Then for reasons explained above we demand: 

X = X, p ~ p (1-3) 



With these conditions follows from (O) and (1.1) for g 7^ 1 



px ^ iX ^{q 2 A - g2 A) 

xp = i\^^{q^A- q^'^A), A 



(1.4) 



1 

<?- - 

9 



For A selfadjoint this leads to xp + px = 0. This is too strong a relation which we do not admit 
as it does not allow a smooth transition for q —^ 1. In great generality we can demand A to be the 
product of a unitary and a hermitean element. The simplest choice is for A to be unitary. Thus 
we extend the algebra by A^^ and demand 

A = A-i (1.5) 

We want to have x^^ as an observable as well, thus we extend the algebra once more, this time 
by x~^. 

The following ordered monomials form a basis of the algebra: 



cc^A", m,neZ 
The element p can be expressed in this basis 

p = iX^^x^^{q2A — q~^A) 



(1.6) 



(1.7) 



This follows from (|L4|). 

To summarize, we study the associative algebra over the complex numbers freely generated by 
the elements p, x, A,x~^, A~^ and their conjugates. This algebra is to be divided by the ideal 
generated by the relations (1.1), (1.3) and (1.5) and those that follow for x^^ and A^^. 



Fields and derivaties: 

At the algebraic level we define a field / as an element of the subalgebra generated by x and 
x~^ , then completed by formal power series. 



/(a;)e 



— ^x 



(1.8) 



A derivative we define as a map of Ax into Ax, as we are going to explain now. From the 
algebra follows: 

pf{x)^g{x)p-iqih{x)A (1.9) 

where g{x) and h{x) can be computed using ( |1 . 1| ) . The derivative is defined as follows: 

V:Ax^Ax, Vf{x)^h{x) (1.10) 

The monomials x™, m G Z form a basis of ^a;- On these elements the derivative acts as follows: 



Vx" 



„m—l 



M = '^-^ (1.11) 

q-q 

We see that the element x~^ is not in the image of V. The V map also has a kernel, the 
constants: 



Vc = 0, ce 



(1.12) 



In a similar way we can define the maps L and L ^ from Ax onto Ax- We start from the 
algebraic relation 



A/(x)=j(^)A, A-^J{x)^k{x)A- 



(1.13) 



and define 



For the x-basis we obtain: 



L-.A^.'^A:,, Lf{x)=j{x) 
L-i : A -> A^, L-^f{x) = k{x) 



Lx™ = g-"'a;", L-^x"' = g^x™ 



The elements a;, a; ^ of the algebra Ax define a map Ax —> Ax in a natural way. 
These maps form an algebra 

Lx = q-^xL, LV ^ qVL, 
q^xv—q ^\/x = —q 2L 



homomorphic to the algebra (1.1) with the identification: 

L ~ A, X ^ X, —iq^W^p 



(1.14) 



(1.15) 



(1.16) 



(1.17) 



We do not consider the complex extension of the algebra (1.16) and do not define a bar 
operation on L and V. Nevertheless, it can be verified directly from the definition of L,L~^ and 
V that 



Vx" 



X-^x-\L-^~L) 
1 



(1.18) 



A 



iq'-' 



q-myn-l ^ [^]^m-l 



which agrees with (1.11) 



Leibniz rule: 

For usual functions we know the Leibniz rule: 



dfg^{df)g + f{dg) 



(1.19) 



There is a Leibniz rule for the derivative V as well. It can be obtained from (1.18) if we know 
how L and L~^ acts on the product of fields. We compute this action by taking products of 
elements in the a;-basis: 



= g-"a;"g-"a;" = (ia:")(Lx") 



Similar for L 



L-ij^x™ = (L-^a;'")(L-ix") 
This leads to the rule for the product of arbitrary elements of Ax'- 



(1.20) 



(1.21) 



Lfg={Lf)(Lg) 



For the maps x, x ^ we have the obvious rule: 



(1.22) 



X Ig^ {x!)g = f{xg) 
X-' fg={x-'f)g^fix-'g) 



(1.23) 



These formulas can be used to obtain the Leibniz rule for V, using (1.18) 



= \-'x-\{L-^mL-'g)-[Lf){Lg)) 
Now we form a derivative on / for the first and on g for the second term: 

V fg= (\-^x-\L-'-L)f){L-'g) + X-\x-'Lf){L-^g) 
+ iLf)X-'x-\L-' - L)g - X-\Lf){x-'L-')g 



The result is: 



V/.g=(V/)(L-ig) + (L/)(Vg) 



(1.24) 



(1.25) 



(1.26) 



The role of / and g can be exchanged, / and g commute. In a similar way that led from (1.24) 
to (1.25) we could have formed the derivative on g for the first term and on / for the second term 
of ( |1.24| ). The resuh then is: 



V/5=(V/)(Lg) + (L-V)(V5) 

The expressions (1.26) and (1.27) are identical due to the identity in ( 1.23| ). 
There is also a g-version of Green' s theorem. We compute: 



(1.27) 



V(V/)(L-\g) = (V2/).9+ (i~'V/)(VL-ig) 
V(L-V)(V.g) = {VL-'f)iL-'Vg) + f{V^g) 



(1.28) 



The two versions of the Leibniz rule ( |l.2(^ ) and ( 1.27| ) have been used. We subtract the two 
equations and obtain Green' s theorem: 

(VV)(5) - (,/)(V^ff) = v((V/)(i-i5) - (i-V)(V.g)) (1-29) 

The indefinite integral: 

W e define the indefinite integral over a field as the inverse image of the derivative ( 1.10 ) and 
( 1.11 ). We know that x^^ is not in the range of V and that the constants are in the kernel of V. 



[n+1] 



j:"+' +c, neZ, n^-1 



We can also use formulas ( 1.18 ) to invert V 



V-i-A- 



L-^-L 



This map is not defined on a: ^. We show that it reproduces ( 1.30 ) with c = 



(1.30) 



(1.31) 



V-^x" 



L-i-L 



„n+l 



q-n+l _ „-n-l ' 



^n+1 



[n + 1] " 



(1.32) 



The map V ^ is now defined on any field that when expanded in the a:" basis does not have 
an x~^ term. 



V-'f{x) = \Y,L^"Lxfix) (1.33) 



iy=0 



We shall use the first or second expansion depending on what series converges. As an example: 
For n> 



V-^x" = A^L2''i:x"+^ (1.34) 



= A^g-(2'^+i)("+i)a;"+i 



i/=0 



This sum converges for q > 1 and we obtain ( 1.32 ) from ( 1.34 ) 



For n < —1 we find that the second expansion of (1.33) converges and gives again the re- 



suh(|l.32D 



From the very definition of the integral follows: 



V/ = / + c (1.35) 



This can be combined with the Leibniz rule ( 1.26| ) or ( 1.27 ) to give a formula for partial 
integration: 

f yfg^f9 + c = j\vf){L-'g) + fiLDiVg) (1.36) 



or 



f yfg ^fg + c = J\yf){Lg) + J\L-'f){Vg) (1.37) 

1.2 Field equations in a purely algebraic context 

Based on the calculus that we have developed in the previous section we introduce field equations 
that define the time development of fields. For this purpose we have to enlarge the algebra by a 
central element, the time. Fields now depend on x and t. 

We will consider the Schroedinger equation and the Klein-Gordon equation and demonstrate 
that there are continuity equations for a charge density and for an energy momentum density. 

It is also possible to separate space and time dependence to obtain the time independent 
Schroedinger equation. To interpet it as an eigenvalue equation a Hilbert space for the solutions 
has to be defined. This cannot be done on algebraic grounds only. 

Schroedinger equation: 

This is the equation of motion that governs the time dependence of a quantum mechanical 
system. 

To define it we extend the algebra Ax by the time variable t, in our case it will be a central 
element and t = t. We call the extended algebra Ax,t- 

The Schroedinger equation acts on a field as follows: 



^ e A,,t, VeA^, V = V 

We show that there is a continuity equation for 

p(x, t) = ip{x, t)ip{x, t) e Ax,t 

The continuity equation can be written in the form 



(1.38) 



(1.39) 



(1.40) 



This is a consequence of the Schroedinger equation (1.38) and its conjugate equation. To find 
the conjugate equation we consider Vip and Vip as elements of Ax,t, where conjugation is defined. 
We find Vi/' — VV' and therefore 



.4^.(-i-v^+y)^ 



This yields 



dp i 
'dt ^ 2m 



{^(V2^)-(V2^)^} 



(1.41) 



(1.42) 



Now we can use Green's theorem ( 1.2E ) and we obtain: 



J = -^^"' {^(^VtA) - iLV^)i;} 



(1.43) 



The time independent Schroedinger equation can be obtained from (1.38) by separation: 

ijjix,t) ^ ip{t)U{x) (1.44) 

The usual argument leads to: 



2m 



\7^ + V]U{x) ^ EU{x), EeC 



(1.45) 



This is as far as we can get using the algebra only. To find meaningful solutions of ( L4q) we 
have to define a linear space with a norm, a Hilbert space, and the solutions U{x) will have to be 
elements of this space. 

There is also a continuity equation for the energy momentum density: 



n 



1 



2mq 
1 / 
2m 



(Vi^V)(VL~V) + T^VV' 



[{V^j)iL-'^j) + (L-V)VV'j 



It follows from (|l.38D and (|l.40|) that 



dt 



H - Vtt = 



(1.46) 
(1.47) 

(1.48) 



Both conservation laws will follow from a variational principle that we shall formulate as soon 
as we know how to define a definite integral. In the meantime it is left as an exercise to prove 

( lOel) . 



Klein-Gordon equation: 
We define 

92 



^^2^ -V> + m^(/. = 0, 0eA,t (1.49) 



For complex (f> (1.49) and its conjugate lead to current conservation: 



j = -(V0)(L-V) + (i"V)(V(/.) (1.50) 

p + Vj = (1.51) 



We have used Green's theorem ( 1.29| ). The verification of ( 1.50 ) as well as the verification of 



n = (t>4>+ -(VL-V)(VL" V) + m^H (1-52) 

q 



energy momentum conservation is again left as an exercise. 

1 

TT = (V^)(L-i<^) + (L-i^)(V(/.) (1.53) 

7i-V7r = (1.54) 

1.3 Gauge theories in a purely algebraic context 

It is possible to develop a covariant gauge theory starting from fields as defined in the previous 
chapter. These fields are supposed to have well-defined properties under a gauge transformation. 
Using the concepts of connection and vielbein covariant derivatives can be defined. These covariant 
derivatives form an algebra and a curvature arises from this algebra in a natural way. 

Finally we show how an exterior calculus can be set up that opens the way to differential 
geometry on the algebra. 

Covariant derivatives: 



We assume that ip{x^t) spans a representation of a compact gauge group. Let T/ be the 
generators of the group in this representation and let a{x,t) be Liealgebra- valued 

a{x, i) = ^ 9cti{x, t)Ti (1.55) 

ai{x,t) e Ax,t 

We have introduced a coupling constant g, (g G C). 
The field ipix^t) is supposed to transform as follows: 

V''(a;,t) = e'"(^'*V(a;,t) (1.56) 

A covariant derivative is a derivative such that 



and P = V for 5 = 0. 
We make the Ansatz: 



(I?V)' = e'"''''*^(2?V') (1.57) 



V^tP ^ E{V + (j>)tp (1.58) 



Here we have introduced the connection (p and the Vielbein E. For g = 0, </> has to be zero and E 
has to be the unit matrix. 

10 



We aim at a transformation law for E and (h such that 



E'{\/ + 0')e^"V = e'"E{\/ + <^)V' 



From the Leibniz rule ( 1.26 ) for V follows: 



Thus (1.59) will be satisfied if: 



E' = e'°'E{L-^e-'°') 

cf,' = (L-ie*")0(e~''")-(Ve*")(Le-*")L 



(1.59) 
(1.60) 

(1.61) 



From the inhomogeneous terms in the transformation law of cf) in (1.61) we see that (j) has to 
be L-valued. 



From (1.61) follows 



gipL 



g^' = (L-ie*")5^(Le-'") - (Ve^")(i:e-^") 



To further analyze ( 1.63 ) we use the expression ( l.lg ) for V 



(Ve^")(Le-*") = X-'^x-U{L-^ ~ L)e'°'YLe-'°') 
= X-^x-^ [{L-^e"'){Le-"^) - l] 
This suggests to rewrite ( 1.63| ) as follows: 



(1.62) 
(1.63) 

(1.64) 



gip' - X-^x-^ = (L-^e''") [gip - X-^x-^] (Le"''") 
From the transformation law of E (|l.6l[) now follows that the object 



transforms homogeneously 



E{gip-X-^x-^){LE)^gX 



X' = e^"xe-^" 



(1.65) 
(1.66) 
(1.67) 



Thus X can be chosen to be proportional to the unit matrix or to be Liealgebra- valued. 



We are now going to show that x; = if we demand a covariant version of (1.18). For this 
purpose we first have to find a covariant version of L: 



(C^Y = e'^C^p , C^L for g = 



We try the Ansatz: 



(1.69) 
(1.70) 



C^EL 
with a new version of a vielbcin E. From ( 1.69| ) follows 

E' = e'°'E{Le-'°') (1.71) 

It is natural to identify E with (LE^^) because both have the same transformation property: 



11 



E ^ {LE-^) 



For C and its inverse we found: 



C = {LE-^)L = LE-\ C-^=EL-^ 

C^^ transforms covariant as well. 
Now we postulate: 



In more detail: 



V^ = \-^x-^{C-^ -C) 



V^ = X^^x-^ {E{L-^ -L) + {E- {LE~^)) L] 
= EV + X-^x-^E (l - {E-^){LE-^)) L 



(1.72) 
(1.73) 

(1.74) 
(1.75) 



If we compare this with (1.58) we find 



gip = X-^x-^ (1 - E-\LE-^)) 



(1.76) 



The connection is entirely expressed in terms of the vielbein. 

Now we show that with this choice of tp the covariant derivative of the vielbein vanishes. 
Let us start with a field H that transforms like E: 



H' = e'"i/(L-ie-'") 



We apply C and £ ^ to this object: 



LH = {LE-^){LH)E 
L-^H = E{L-^H)iL-^E-^) 



This we insert into (1.73) to obtain: 



V^H = X-^x-^{E{L-^H){L-^E-^) - {LE-^){LH)E} 
If in this formula we substitute E for H we obtain: 

V^E^Q 
For the covariant time derivative we follow the standard construction 

The transformation property oi uj is: 



(1.77) 
(1.78) 

(1.79) 
(1.80) 
(1.81) 

(1.82) 



Curvature: 

The covariant derivatives have an algebraic structure as well. With the choice (1.76) for the 
connection it follows from (1.74) that 
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T is a tensor quantity: 



such that 



CV^i^ = qV^C^, C-^V^i, = g-ip.r-V (1-83) 

iC~^Vt - VtC^^)^ = -TC-^il) (1.84) 



T ={dtE)E-^ -{E){L-^uo)E-^ +UU (1.85) 

T' = e'Te"*" (1.86) 



The commutator of Vt and P^: is easy to compute from ( 1.74 ) and ( 1.83 ) . We find 



{VtV^ - V^Vt)^ = TP^V + X-'x-^{CT + TC-^}i^ (1.87) 

To avoid the A^^a;^^ factor we can write this term also in the form: 

\'^x-^ [CT + TC-^] ^EF{LE)C (1.88) 

with 

F = gdtip - Vw + iL-^uj)g(p - g(p{Luj) (1.89) 

and 

E'F'{LE') = e'°'EFLEe-'°' (1.90) 

The tensor T plays the role of a curvature. 

Leibniz rule for covariant derivatives: 



We want to learn how covariant derivatives act on products of representations. To distinguish 
the representations we are going to use indices. Thus "ip and x are two representations such that 

C = (e-)/#, x'a-iena'xb (1.91) 

Repeated indices are to be summed. The Vielbein is a matrix object Ea' or Ea , depending on 
what representation it acts on. 

E'J = {e^a'^E^PiL-^e-^/ (1.92) 

E'^" = (e'"),^^/(L-ie-*")/ 

On the product of representations it acts as follows: 

Ea/''4'/3Xb = EjEa'^PpXb (1.93) 

This gives us a chance to obtain the vielbein starting from fundamental representations. It is 
left to show that such a construction leads to a unique vielbein for each representation. 
To obtain the Leibniz rule we start with a scalar: 

/' = / (1.94) 

In this case the derivatives are the covariant derivatives: 

VJ^Vf, -Dtl^^^f, Cf = Lf, C-'f = L-'f (1.95) 

13 



If we combine this representation with tp we obtain 






(1.96) 



As a second example we treat the scalar obtained from a covariant and a contravariant repre- 
sentation. 



V'' = e^"^ , x'=X-e" 



such that 



xV = x"^ 



(1.97) 
(1.98) 



We take the covariant action of L on x'lp'- 



/:(x"Va) = i(x"^a) = (ix")(iV'a) 

= (Lx'^)(Li?),"(ii?-i)„^(LV')^ 

= icxnmo. 



(1.99) 



Encouraged by this result we continue with the product of two arbitrary representations: 



£(V'x)aa = (LE-^)Ja''{Li^p){LXb) 
= {Cij)c.{Cx)a 



(1.100) 



This is the Leibniz rule for the covariant version of _L. It is obvious that the same holds for 
£-1: 

r-VaXa - {C-^4j)c.{C-\)a (1.101) 

The covariant derivative "Dx can be obtained from C and L~^ according to the same argument 



that led to the Leibniz rule for the derivative V ( 1.26 ), we can now show that: 

VxiM = {'Dx^){Cx) + {C-^^)[Vxx) (1.102) 



Vx[M = {Vxib)iC-'x) + iCi^)i-Dxx) 



(1.103) 



This is the Leibniz rule for covariant derivatives. 

The Lei bniz rule ( 1.101 ), ( 1.102 ) and ( 1.1G3|) allow us to drop the field ip in the equations 



(1.83) and (1.88) and write them as algebra relations. 



CVt~VtC^ CT (1.104) 

VtVx ~ VxVt = TVx + EF{LE)C 

T plays the role of an in depen dent tensor that is a function of the vielbein a nd th e connection 
u. It is defined in equation ( 1.85 ). F depends on T and is defined in equation (lA 
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In a later chapter we shall see that the vielbein can be expressed in terms of a connection A^ 
in the usual definition of a covariant derivative. 

Exterior Derivative: 



To define differentials we have to extend the algebra by an element dx. We assume for the 
moment that there is an algebraic relation that allows us to order x and dx: 



dxf{x) — a[f{x)]dx, a : Ax — > Ax 
The map a has to be an automorphism of the algebra Ax 



a[f{x)g{x)] = a[f{x)]a[g{x)] 



This can be seen as follows 



(1.105) 
(1.106) 



dx f X g ^ a[f x g]dx 

= a[f]dxg = a[f]a[g]dx 

The exterior derivative d can be defined as follows: 

d X = dx, d — dx\7, d^ = 



From (1.11) follows: 



dx™ = [m]da 



(1.107) 
(1.108) 



(1.109) 



(1.110) 



This tells us how d acts on any field /(x) G Ax- 

To derive a Leibniz rule for the exterior derivative we use the Leibniz rule for the derivative 



(1.26) 



dfg = dx{{Wf){L-^g) + {Lf)Wg} 



The relation (1.36) allows us to obtain a Leibniz rule for d: 

dfg^{df){L-'g) + a[Lf]dg 



The simplest choice is: 



o[/] = /, dx x = X dx 



Then we obtain from (1.110) 

dfg={df){L-^g) + iLf)dg 
We could have used the Leibniz rule ( 1.112| ), then we would have obtained: 

dfg^dx{{Vf){Lg) + iL-'f)Vg} 



For a{f) defined by ( |1.113| ) this yields: 

dfg^{df){Lg) + {L-'f)dg 
A different choice for a[f] could be 



This satisfies ( pTlO^ ) 

The Leibniz rule ( 1.112| ) then yields 



(1.111) 
(1.112) 
(1.113) 
(1.114) 
(1.115) 
(1.116) 
(1.117) 
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dfg^{df){L-^g) + {U^+^f){dg) 



(1.118) 



or 



dfg^{df){Lg) + {LP-'f)idg) 



(1.119) 



1.4 g- Fourier transformations 



In the next chapter we wiU study representations of the algebra (1^). As mentioned before we are 
interested in "good" representations where the coordinates and the momenta can be diagonahzed. 
We also want to have explicit formulas for the change of the coordinate bases to the momentum 
bases. This is the g-Fourier transformation and it turns out that the relevant transition functions 
are the well known g-functions coSqX and sinqX. We are going to discuss these functions now. 
It should be mentioned that in addition to quantum groups there is another reservoir of detailed 
mathematical knowledge - these are the basic hypergeometric series, special example: sinq{x) and 

COSq{x). 

The g-Fourier transformation is based on the g-deformed cosine and sine functions that are 
defined as follows: 



COSq{x) = ^(-1) 



k x^^ q ^ 



k=0 



sm, 



fe=0 ^ ' 



[2k]l A2'= 

2fc+l „k+l 
I X2k+1 



(1.120) 



the symbol [n] was defined in (1.11), and [n\l stands for 



[n]l^[n][n^l] ■■■[!] 



(1.121) 



n _ -n 



+ «""+^ + g""+' 



These cosq and siuq functions are solutions of the equations: 



(sing(a;) — smq{q '^x)) — C0Sq{x) 



(1.122) 



[coSq{x) — COSq{q '^ x)) = —Q ^ smq{q ^x) 



The coSq{x) and sinq{x) functions (1.120) are determined by these equations up to an overall 
norma lization. To prove this is straightforward, as an example we verify the first of the equations 
(OH 



but 



- (sinq(x) - siiiqiq-^x)) = ^(-1) 



^2kx 



-,k+l 



fe=0 



[2fc + l]!A2fc+ 



ji^-Q 



-2(2fc+i; 



) 



(1.123) 



^_^-2(2fc+l)^^^-2fcj2fc^^j 



(1.124) 



and (1.122) follows. The relations ( 1.122| ) are the analogon to the property of the usual 
and sin functions that the derivative of sin{cos) is cos{^sin). 
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The most important property of the cosq and siuq functions is that they each form a complete 
and orthogonal set of functions. This allows us to formulate the q- Fourier theorem for functions 
5(9^") that are defined on the g-lattice points (7^", n e Z. 

00 
Uq^'') = Nq J2 9'"cos,(g2('^+")).g(g2") (1.125) 

n— — 00 

00 

i/ — — 00 

and: 

00 00 

Y: q'^-Wnf- E 9'1ffc(9'^)r (1-126) 



n— — 00 L'— — OQ 



The normalization constant A^^ can be calculated: 

°" /I _ „-2(2;/+l)\ 

^. = n 1 _' 4(.+i) ' '^>i (1-127) 

Another transformation is obtained by using siUq instead of coSq: 

00 
gs{q^-)^Nq E 9'"sin,(g2(-+»))g(52„) (^^^28) 

71— — 00 
00 

5(9'") = A^, E 9"^ sin, (g2(-+")) 3^(52.) 

t^— — 00 

and 

00 00 

E I'^'W^f- E '?'l5s(g^^)|' (1.129) 

n— — 00 iy— — QO 

That sm, and cos, individually form a complete set of functions can be understood because 
the range of x = g^" is restricted to a; > 0. 

The orthogonality and completeness property can be stated as follows: 

00 
N^ E 9'"cos,(g2(»+-))cos,(g2("+-)) = g-2"^„_^ (I.I3O) 

u—~oo 

00 

N^ E 9'"^sin,(g2("+'^))sin,(g2("+'>)) = g-2"5„,„ 



i^— — 00 



That the role of n and i^ can be exchanged to get the completeness (orthogonality) relations 
from the orthogonality (completeness) relations is obvious. 

There is also a deformation of the relation cos^ + sin^ = 1. It is: 

coSq(a;) C0Sq{qx) + q^^ sing(a;) siuqiq^^x) ~ 1 (1.131) 

the general term in the coSq product is: 

^ /-r.x2(/c+0 J-k 

coSqix)coSqiqx) = E [j) (-1) M!T2li! ^^'^^^^ 

Lk=0 ^ '' ^ '' 
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and in the siuq product it is: 



q '^ s'mg{x) smq{q ^x) = ^ 



X\2ik+l+l) 



l.k=0 



(!) 



(-1) 



k+l 



The terms of ( |l.l3l| ) that add up to a fixed power 2n of x are 



')"(? 



X\2" 1 



2n 



\2n]l ^ 



(-l)'=q"-'= 



[2r 



,i-fc 



[2fc+l]![2; + l]! 



[fc]![2n-fe]! 



For n ~ this is one, for n = 1 it is: 



(1.133) 



(1.134) 



-(f)'M{'-Pl + ^^^^° 



For the general term (1.131) was proved by J.Schwenk 

In the formulas for the Fourier transformations ( 1.125|) and ( 



(1.135) 



whereas (1.131) connects even powers to odd powers. From (1.130) we see that coSq{q ) and 



1.128) only even powers of q enter 



sinq{q'^") have to tend to zero for n -^ oo. For (1.131) to hold coSq{q'^"~^^) and sinq{q'^"^^) have 
to diverge for n — + cx3. This behaviour is illustrated by Fig.l. and Fig. 2. They show that coSq{x) 
and sinq{x) are functions that diverge for cc ^ oo, they are not functions of L^ . However, the 
points X = q^"^ are clo se to the zeros of coSq(x) and sinq{x) and for n ^ oo tend to these zeros 
such that the sum in ( 1.130 ) is convergent. 

We can also consider coSq{x ) and siuqix) as a field, i.e. as an element of the algebra Ax- Then 
we can apply V to it. We use ( 1.18 ) as an expression for V: 



V coSq{kx) = — — {^coSq{qkx) — coSq{q ^fca;)} 
A x 



Now we use ( 1.122| ) for the variable y = qkx and we obtain 

1 

The same can be done for sinq{kx): 



k ^ saiq[q ^kx) 



(1.136) 



(1.137) 



Vsinq{kx) — k — cos q (qkx) 
A 

This shows that coSq(kx) and sinq{kx) are eigenfunctions of V^ 



(1.138) 



V^ coSq{kx) 



qX^ 
k\ 



COSq{kx) 



V sing(fca;) = — -^smq{kx) 
A 



(1.139) 



We have found eigenfunctions for the free Schroedinger equation (1.45) (V" = 0). To really give 
a meaning to them we have to know how to define a Hilbert space for the solutions. 



1.5 Representations 

In the first three chapters we have developed a formalism that is entirely based on the algebra. For 
a physical interpretation we have to relate this formalism to real numbers - real numbers being 
the result of measurements. This can be done by studying representations of the algebra and 
adopting the interpretation scheme of quantum mechanics. Thus we have to aim at representations 
where selfadjoint elements of the algebra that correspond to physical observables like position or 
momentum are represented by (essentially-) selfadjoint linear operators in a Hilbert space. We 
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Figure 1.1: sinq{q^^) for gr = 1.1. Crosses (circles) indicate odd (even) n. For n > 8 a logarithmic 
y-scale was used. 



cos_q for q^l . 1 
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Figure 1.2: coSq{q'^) for g = 1.1. Crosses (circles) indicate odd (even) n. For n > 8 a logarithmic 
y-scale was used. 
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want to diagonalize these operators, they should have real eigenvalues and the eigenvectors should 
form a basis in a Hilbert space. We shall call these representations "good" representations. 



The Hilbert space H^: 

We first represent the algebra 



xK — qAx, 



A = A- 



(1.140) 



From what was said above we can assume x to be diagonal. From (1.14C) follows that with any 
eigenvalue s of the linear operator x there will be the eigenvalues g"s, n e Z. As s is the 
eigenvalue of a selfadjoint operator it is real. We shall restrict s to be positive and use — s for 
negative eigenvalues. In the following we will assume q > 1. 
We start with the following eigenvectors and eigenvalues: 



x\n, a) = asq |7i, a) 
n e Z, a — ±1, 1 < s < 9 



(1.141) 



The algebra (1.140) is represented on the states with a and s fixed: 



A\n,a) 



|n+l,cr) 



(1.142) 



A possible phase is absorbed in the definition of the states. These states are supposed to form 
an orthonormal basis in a Hilbert space, which we will call Ti^ . 



(m,a\n,ay = dn,m 



(1.143) 



This makes A, defined by (1.142), a unitary linear operator. 

To obtain a representation of the algebra ( pTll ) we use formula (1.7) to represent p. We find 
an irreducible representation of the x,A,p algebra. 



p\n,ar = zA-i-g-" {q-^\n+l,ay - g^|n- l,a>^} 



(1.144) 



This defines the action of p on the states of the bases (1.143). A direct calculation shows that the 
linear operator p defined by (1.144) indeed satisfies the algebra (1.1) and that p is hermitean. 



(n + l|p|n) = (»T-|p|?T- + 1) = — iA q 



-l„-n-i 



(1.145) 



However , p is not selfadjoint. There are no selfadjoint extensions of p in the Hilbertspace 
defined by ( 1.143| ) with the sign a fixed such that ApA^^ = qp. To show this we assume p to be 
selfadj oint, i .e. diagonizable with real eigenvalues and eigenstates that form a basis of the Hilbert 
space (1.143). At the same time the algebra (1.1) should be represented. 



p\pq) =Pobo>, bo) 



I^CI",'^) 



(1.146) 



From the algebra follows that A\pq) and A ^\po) are orthogonal to \po) because they belong to 
different eigenvalues of p. 



pMpq) = -poMpq) 
q 

pA^'^lpa) = qpoA^'^lpo) 



(1.147) 



We conclude 
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(po|Abo>-(po|A-ibo>=0 



(1.148) 



for every eigenvalue po of p. 

From the algebra (1.1) follows: 

(Pol [q^xp ~ q^^pxj \po) = poiq^ - q^ '^ ) {po\x\po) 
If there is a po 7^ we find 

{Po\x\p()) =0 
Now we use the representation of |po) in the |n, a)* basis to conclude 



= 



aJ2'l"\<°f = 



(1.149) 



(1.150) 



(1.151) 



For fixed a this can only be true if all the c^" vanish. A clear contradiction. 

We have shown that p as defined by (1.144) is not a selfadjoint linear operator. It does, 
however, satisfy the algebra (1.1). We are now going to show that it has selfadjoint extensions. I 
would like to thank Professor Schmdgen for pointing out to me that p is given by a Jacobi matrix 
and thus has a selfadjoint extension. We show that there is a basis in Hg where p is diagonal and 
has real eigenvalues. We define the states: 



-. 00 

Tp„a>l = -=7V, ^ g"+-{cos,(g2("+^))|2n,a) 



T = ±1 



n— — 00 



+rising(g2("+''))|2n+l,CT>4 



First we prove orthogonality with the help of (1.130) 



(1.152) 



j(T'p^,cr|Tp,,,cr)J 



iiV| Y. 9'"+'^+^(cos,(g2("+-))cos,(g2("+^)) 
+tt' sin,(q2("+-)) sin,(q2(«+M))^ 



n— — 00 



-S,yfj.il + TT') = S„fj,SrT' 



(1.153) 



Next we prove completeness. First we form a linear combination of the states ( |1.152| ) to be 
able to use ( 1.130| ) again: 



and find 



^<; E 9"'''^ ^o««(9''"^''^)|2"' '^)' = ^ {b- '^)? + 1 - p- ^)f } 



N, ^ r+'' cos,(g2(™+''))^ {\p,, a)f + I - p„ a)f } = |2m, aY 



and similarly: 



TV, ^5™+"^ cos, 



V2 



-(<z'^™+'^^)^{b.,a)f-|-p„a)f}-|2m+l,a) 



(1.154) 



(1.155) 



(1.156) 
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Thus the states of (1.152) form a basis. We finaUy show that they are eigenstates of p. We 
have to use (1.122) and we obtain 



1 



P\TP^,(y)i = 



sXq 



-arq \Tp^,(J)j 



(1.157) 



these are eigenstates of p with positive and negative eigenvalues but with eigenvalues sp aced b y 
(f' . From the algebra that includes A as well we expect a spacing by q as was shown in (1.147). 
We conclude that the selfadjoint extension of p does not represent the algebra (1.1). This is in 
agreement with our previous arguments. 



We can apply A to the state (1.152) and we obtain 



_. oo 

A|Tp.,a)f = -=A^, ^ 9"+''{cos,(g2(»+-))|2n+l,a)^ 

+irg-isin,(g2(»+-i))|2n,f7)^} 
= \rp.,<jYu (1.158) 

This defines the states \tp^, (t)Jj. They again form a basis and are eigenstates of p 

1 



p\Tp^,cr)jj 



sXq' 



-arq \Tp^,a}jj 



(1.159) 



This can be shown in the same way as for the states ( 1.152| ). These states define a different 
selfadjoint extension of p. Now the eigenvalues differ by a factor q from the previous eigenvalues. 
We note that the sign of the eigenvalues depends on ar and it is positive and negative for a 
positive as well as for a negative. This suggests to start from reducible representations Tif © Hj 
and to extend p in the reducible representations. We define 



hp.Vl = ^ {\TPu,+)j + I - Tp,, -)?} 



-. oc 

= 2^? E 'Z"+''{cos,((z2("+^))(|2n,+)'^ + |2n,-)«) 

7l—~OQ 

+iTsin5(g2("+'^))(|2n + 1, +)' - \2n + 1, -)-^) j 
These are eigenstates of p: 



P\TPv)l 



s\q 



-rq^'lrp.ri 



(1.160) 



(1.161) 



They are orthogonal because the a = +1 states are orthogonal to the a — ~l states. By the 
same analysis as for (1.155), (1.156|) we obtain the states 



and 



— {|2m,+)^ + |2m,-)^)} 
-^{|2m+l,+)^-|2m+l,-)^)} 



To obtain all the states in Ht 7i„ we add the states 



(1.162) 



IrPuYu = -y={\Tp^,+)Ji 



-TP^^-Vii} 



(1.163) 
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_, CO 

= 2^1 E 9"+'^{cos,(q2("+^))(|2n + l,+)^ + |2n+l,-)^) 

n— — cxD 

+iTq-^ sin,(g2("+-i))(|2n, +Y - |2n, -)')] 
They are eigenstates of p: 



P\TP,^)ii 



sXq' 



-Tq'''-'\Tp,)h 



(1.164) 



They allow us to obtain the states 



and 
by a Fourier transformation. 



V2 
1 



i\2m,+r-\2m^,-r)) 
|2m+l,+)^ + |2m+l,-)^)) 



(1.165) 



The s tates defined in ( 1.160 ) and ( 1.16S ) form a complete set of st ates. The states defined 
in ( 1.160 ) are orthogonal by the mselves as well as the states defined in ( 1.163 ). It rem ains to be 
shown that the states defined in ( 1.160 ) are orthogonal to the states defined in ( 1.163 ). But this 
is obvious because 

r{n,+\+^n,-\}{\m,+r-\m,-r} = (1.166) 

The states \tPi,)j and \tPi,)''jj form a basis in Hf H^ , they are eigenstates of p: 



phPuVi = 


s\q2 


php,^)h = 


- -^Q'^-'lrp.rn 



sXq 



(1.167) 



and A is defined on them and it is unitary. 



Mrp.Vi = \TPu)h 
MtPuYii = \tPu~iYi 



(1.168) 



This representation of the algebra in terms of selfadjoint linear operators x and p is irreducible 
despite the fact that it has been built on the direct sum of the two Hilbertspaces 7i+ TiJ.sshssh 

A dynamics can now be formulated by defining a Hamilton operator in terms of p, x and A. 
The simplest Hamiltonian is 



H=\p^ 



(1.169) 



We have calculated its eigenvalues and its eigenfunctions. From the analysis of the coSq{x) and 
sinq{x) functions and from Fig.l. and Fig. 2. we know that these states get more squeezed with 
increasing energy. 
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1.6 The definite integral and the Hilbert space L? 



The definite integral 

Within a given representation of the algebra (1.1) a definite integral can be defined. We 
consider the representation where s of eqn (1.141) is one s — 1 and a = +1. The states we shall 
denote by \n, +). 

We define the definite integral as the difference of matrix elements of the indefinite integral 



(1.30): 



M 



N 



fix) = (+, M\ J^fix) |Af, +) - (+, 7V| J^fix) \N, +) 



From ( 1.35 ) follows: 



AI 



V/ = (+, M\ f \M, +) - (+, N\ f \N, +) 



N 



We can use (1.170|) for monomials to integrate power series in 



M -, 

N ^ " [n + 1] 



^M{n+l) _ ^N{n+1) 



or we can use (1.33) where we defined V ^ and take the appropriate matrix elements 



{+,M\J f{x)\M,+) = (+,M|V-V(x)|M,+) 

OO 

= Xj2{+,M\L^''Lxfix)\M,+) 
The action of L can be replaced by the operator A: 

/x PC 

/ |Af,+) = A^(+,Af|A2-ia;/(x)A-2-|Af,+) 

and A can now act on the states: 



/I — — OO 



(1.170) 



(1.171) 



(1.172) 



(1.173) 



(1.174) 



/x OO 

f\M,+) ^ \Y,{+,M ~2v\Lxf{x)\M -2u,+) (1.175) 

This suggests treating the matrix elements for even and odd values of /i separately: 

{+,2M\ f\2M,+)=X ^ {+,2fi\Lxf{x)\2^i,+) (1.176) 

/I— — OO 

px A-f 

(+,2Af + l| / /|2M+1,+)=A Y^ {+,2pi+l\Lxf{x)\2n + l,+) 



The definite integral (1.170) from even (odd) N to even (odd) M now finds its natural form: 



/ fix) = A ^ {+,2pi\Lxfix)\2fi,+) 
/ fix)^\ J2 (+,2A* + l|ix/(x)|2/. + l,+) 



(1.177) 
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These are Riemannian sums for the Riemannian integraL 

With the formula (1.176|) it is possible to integrate x~^ as well: 



2M -, 

-^X(M~N) (1.178) 

2N X 



If we take the limit q ^ \ and define x = q and x = q ( 1.178 ) approaches the formula 



X 

We now take the limit A^ ^ — oo, M ^ oo: 

r2M M 



—dx — lnx — hix (1.179) 



fix) = A ^ {+,2^l\Lxf{x)\2^l,+) (1.180) 

/•oc Q^ 

/ /(x) = A ^ {+,2^l\Lxf{x)\2^l,+) 

J2M .._Ar,i 



'2A/ ^=M+1 



and 



/(x) = A Y. {+,2^i\Lxf{x)\2^i,+) (1.181) 

-°° p=-oo 

The factor x in the matrix element allows the sum to converge for N —t —oo for fields that do not 
vanish at a; = 0. 

Similar formulas are obtained for ^, M odd. 

The case a = — 1 can be treated analogously. From the discussions on selfadjoint operators in 
the previous chapter we know that a — +1 and ct = — 1 should be considered simultaneously. 

The Hilbert space Lp'q 



The integral ( 1.181 ) can be used to define a scalar product for fields. We shall assume that 
the integral exists for even and odd values of /i and for ct = + 1 and ct = — 1 . 
We define the scalar product for L^q-. 



f A °° 



(x,V^)= / xV'^TT >. <J{a,^Ji\Lxxi^\^Ji.<T) (1.I82) 



M = 

tT=+l,-l 



For fields that vanish at x = zboo we conclude from (1.171) that 

V(xV') = (1.183) 

This leads to a formula for partial integration: 

\vx){L i^) + j{L-^x){V^) = (1.184) 

(Vx)(£-V) + y(£x)(V^) =0 
From Green's theorem follows: 

j{v'x)i^^ Jxi^'i^) (1-185) 

This shows that V^ is a hermitean operator in L^q. 
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Eigenfunctions of the operator have been obtained in (1.139) These are the functions coSq{kx) 
and sinq{kx). From the discussion of these functions in chapter four we know that kx has to be 
an even power of q for the functions to be in L^q. We therefore spht L^q in four subspaces with 
/i even or /x odd and a =^ +1 or cr = —1. 



L\ 



njU even 



fi odd 



.wr 



cr= + l 



n_/^ even ^^ -xjM Oficf 



The functions 




q^ C0Sq{xq 



2k+l\ 



(1.186) 



(1.187) 



form an orthogonal basis in TiJ^^^jf". This follows from (1.130) and the definition of the scalar 



product ( 1.182| ) has to be remembered. The function (1.187) belongs to the eigenvalue 

1 



V^cos,(V"+') = -^q^'+'coSqixq"'+') 



(1. 



We now give a table for the various eigenfunctions: 



n_/even 


^^v 


Function 
^q'=cos,(.V=+i) 


Eigenvalue 




^^v 


^<z'=sin,(^g2fc+i) 


-J,g-+3 


'TJOdd 


Nq, 


J^q'^ cosqixq^^) 


-^^''-' 




N, 


^q'^sinqixq^'^) 


-J,,-+^ 



For a 



-I we obtain the same table. The coSq functions as well as the siuq functions form an 



orthonormal basis in the respective subspaces oi L^q. The set of eigenfunctions is overcomplete. 
We conclude that V^ is hermitean but not selfadjoint. On any of the bases defined above a 
selfadjoint extension of the operator V^ can be defined. The set of eigenvalues depends on the 
representation. 



1.7 Variational principle 



Euler-Lagrange equations: 

We assume that there is a Lagrangian that depends on the fields tp, VL~^ip and tp. An action 
is defined 



W = 



dt / £(?/', V',Vi"V) 



(1.189) 



In this chapter the integrals over the algebra are taken from — c» to +00 if not specified differently. 
The action should be stable under the variation of the fields as they are kept fixed at ti and t2 
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5^{h)^5^{t2)^Q 



(1.190) 



The variation of the action is: 






(1.191) 



The boundary terms do not contribute because of ( 1.19C ) and -ip and its v ariation are supposed 
to vanish at infinity. The partial integration for V L follows from (1.27) when we use it for 
{Lf){L-^9): 



V ((L/)(i-\g)) = (VL/)(.g) + /(VL-\g) 
We obtain the Euler-Lagrange equations: 

dC_d_dC dC 



(1.192) 



(1.193) 



The Schroedinger equation ( 1.38 ) can be obtained from the following Lagrangian. The varia- 
tions of ip and Tp are independent: 



„.- = £■*/ {si* -ji^'— 



(Vi"V)(VL"V)-?/>FV' 



(1.194) 



Noether theorem: 

We study the variation of the action under an arbitrary variation of the fields and the time: 



t' = t + T 

^'{t') = ^(t) + AV' 
The variation of the action is defined as usual: 

AVK= / dt' / /:(i^'(i')>'(i'),VL-V(i'))- / dt I c 

Jt[ J2N Jti 

First we change the t' variable of integration to t. 

dt' = dt{\ + t) 



(1.195) 



(1.196) 



*2 /■2M 

dt' /:(^'(i')>'(t'),VL-V'(t')) 

t{ J2N 

t2 p2M 

dt{\ + t) C{ij'{t + t)), 7/>'(t + t), VL- V(i + t)) 

iti J2N 

Next we make a Taylor expansion of C in time and obtain: 



(1.197) 



(■42 p2M 1 

SW = / —tC 

Jti J2N dt 
rt2 p2M 

dt / /:(V''(i), V'(i), VL" V(i)) - -c 
/tl J2N 



(1.198) 
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The variation of ip at the same time we call Sip: 



6ip — A^ — Tip 
and we obtain in the same way as we derived the Euler-Lagrange equations: 



(1.199) 



AW 



2M 



*' , d 
dt—T 

ti dt J 27V 



C 



dC 



t, J2N [did^^ dWL-^ijj ' dip 



'^\H 



dt 

ti J2N 



2M 



d (dC 



5iP 



L- 



dC 



dtydi^"" \ ' ' IV dVL-^ip 
As a consequence of the Euler-Lagrange equation we find 



(L-'S^) 



AW 



ti 



' , d 
dt—T 
dt 



2N \ dip , 

2 A/ 



dVL-^ip 



iL-H) 



dtT V I I L- 

'ti J2N 



2N {dt \ dip 



d\/L-^ip 



L-^Aijj 



(1.200) 



(1.201) 



If we know that AW = because (1.197) are symmetry transformations of the action we obtain 
the Noether theorem 



— <^ r £ rV- + ^AiP 

dt\ \ dip / dip 



(1.202) 



V L 



dC 



dVL- 



-){l-^AiP-tL-H)] 







This equation holds for the densities because the limits of the integrations are arbitrary. 
Charge conservation: 



The Lagrangian (1.194) is invariant under phase transformations: 

ip = e^°'ip, T = 0, Alp = Sip ^ iaip 



For the charge density we find from ( 1.202 ) and ( 1.194 ) 



(1.203) 



9£ . , dC J.— 

ap — — rdip H — ^dip 

d^J dip 



For the current density 



dC 



dVL-^ip 



{L-'SiP) 



L- 



dC 



dVL-^ip 



—aipip 
—ap 

(L-'Alp) 



-«^— i"' {V'(iVV) - (LVV)V'} 



-aj 



(1.204) 



(1.205) 
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This agrees with the definition of p and j in eqn (1.50) 



Energy conservation: 

The action (1.194) is invariant under time translations: 



t' = t + To 

AtA = 



From ( 1.202 ) wc find the energy density and the density of the energy flow: 



(1.206) 



n = 



2mq 



(Vi-V)(VL"V) + ^V'V' 



(1.207) 



TT = -—UvijAL-^i^+iL-'^ipvA 
2m L J 



1.8 The Hilbert space C^, 



It is easy to find a representation of the algebra (1.1) in the Hilbert space L^ of square integrable 
functions. The usual quantum mechanical operators in this space will be denoted with a hat: 



[x,p]^i, X ^ X, p = p 
A further operator that we will use frequently is: 



-{xp + px), z — —z 



It has the commutation property: 



xz — {z + l)x, pz — {z — l)p 
An immediate consequence of ( 1.210| ) is that the algebra ( 1.140 ) is represented by 



X — X, A — q^ 



X is selfadjoint and A is unitary. 



The element p can be expressed by the formula (1.7) 



(1.208) 

(1.209) 

(1.210) 
(1.211) 

(1.212) 



That this represents the algebra (1.1) can be easily verified with the help of ( 1.208 ). It is a 
consequence of the algebraic properties of x and p only. Any unitary transformation of x and p 
will not change this property. 

A short calculation going through the steps: 



1 



z^-ixp~-,ix =l^^2' ^ 



1 



leads to the following representation for p: 



^P 



where we use the symbol [A\ 



[A]=\-\q^-q-^) 



(1.213) 



(1.214) 



(1.215) 
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for any A. 

It can be shown that p as defined in (1.214) is hermitean but not a selfadjoint operator in L^. 

We now show that it is possible to define a Hilbert space where p as defined in ( 1.212| ) is 
selfadjoint. We start from functions /(x) that are of class C°° on \x\ > 0. They form the algebra 
of C°° functions which we denote by F. 

The set of functions f{x) that vanish at x = ixog", n G Z forms an ideal in F. We shall 
denote this ideal by F^°n and introduce the factor space: 

n,-F/(^r,.ni^^«„) (1.216) 

We will show that the operators x, A and p as defined by (|l.211 ) and ( 1.212 ) act on this factor 
space, that it is possible to introduce a norm on JFJ^, defining a Hilbert space this way and that 
X and p are represented by selfadjoint operators in this Hilbert space and that A is unitary. 

We have to show t hat x and A leave the ideals F±qn invariant. For x this is obvious, to show 
it for A we use ( 1.140 ) and find 



A/(x) 



^/(i^) 



(1.217) 



Here we consider A to be represented by (1.211) acting on / e F. Thus A transforms the zeros 



of an element of Fqn into the zeros of the transformed element and this leaves the ideal invariant. 



The operator p as represented by ( 1.212 ) or ( 1.214 ) is entirely expressed in terms of x and A and 
thus leaves the ideal invariant as well. 



The algebra (|l.lD is now represented on J^J^ . 

Next we show that it is possible to define a scalar product on JF|^. 
define: 



Guided by (|1.182D we 



(5,/) -A Y. 9"3('T<z"xo)/(ag"xo) 



(1.218) 



This is the well known Jackson integral. It defines a norm on JF| because the scalar product 
(1.218) for a function of F^'-'„ and any function of F is zero. 

The operators x, A and p are now linear operators in this Hilbert space. For x it is obvious 
that it is selfadjoint as it is diagonal. Let us show that A is unitary: 



A/(xog") - q-^fixoq^-'), A-'f{xoqn = Q'^ fi^oQ 

OQ 

(Ag,A/) = A Y. '?>~'5(9""'^o)/(g"-'xo) 



n+l\ 



CT=+1,-1 

(.9,/) 



We now turn to the operator p. We use the expression (1.7) for p: 



and have it act on elements of T. Using (1.219) we find 



pf{x) = iX~ 



f{-x)-f{qx) 

q 



(1.219) 



(1.220) 



(1.221) 



(1.222) 



The elements f 'E F are considered as representants of the cosets in T^ such that (1.221) is 
derived by acting with the differential operator p on elements of F. 



We know that sinJx) and coSq(x) solve the eigenvalue equations of p as defined in (1.227). 
this is just equation (1.122). This equation links even (odd) powers of q in the argument of coSq{x) 
or sinq{x) to odd (even) powers. But we know from chapter 4 that the behaviour of coSq{q'^"'^^) 
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and sing(q^"+^) for n — > oo does not allow these functions to be in L"^ or in the Hilbert space 
defined with the norm (1.218). 

To show that p has a selfadjoint extension we shall draw from our experience in chapter five. 
There it was essential to split states with eigenvalues belonging to even and odd powers of q. In 
chapter six (1.186) we have made the same experience. 

We shall start from four ideals in F: F^q2r, , F^q2n+i , F_q2n and F_q2n+i For xq we again choose 
xo = 1 and drop it in the notation. The respective factor spaces we denote by J-^'', JF^"^^, JF^", 
and.F!"+i. 

The intersection of the ideals leads to the union of the factor spaces and we identify !Fl with 
this union. 

The operator x acts on each of these factor spaces individually. The operator A maps J^'^" 



+(-) 



onto ^_J(_) and vice versa. This follows from ( 1.219 ) which shows that the ideals F±q2n{Fj.q2r,+i) 
are mapped to the ideals Fj-q2n+i (F±q2n) . 

We shall distinguish functions / e F as representants of J^|." and JF^"^^: 



/^ e J^f, /'" e J-^ 



Thus we have to read ( |l.218|) as follows 



Ar^^\x)^Afix)^q-^fi-x) 



4/«(9)(_a;) 



(1.223) 
(1.224) 



The same way we have to read ( 1.222| ) 



P. 



/sH(2.) ^ ix-^x-^ \r^^\-x) - r^'^\qx) 



q 



(1.225) 



To show that p has a selfadjoint extension we construct a basis where p is diagonal. Eqns. 
(1.224) and (1.122) show that coSq{x) and sinq{x) will play the role of transition functions. 



We first choose specific representatives in the spaces T^^ and Tj^ 



-2n+l 



C^(g2")('^) ^ cosqixq'n 

C^((z2«+i)M ^ coSg(V+') 

5S(g2")(-) ^ sinqixq^") 



(1.226) 



We calculate according to the rule (1.225): 



pCl^"^ - pcos,(xg2-) ^ iX-^x-^ {cos,(xg2— 1) - coSqixq^''+')} 
= iX^^- smq{q^^x) 
= tX-^q^"-^smq{xq^'"^) 



A similar calculation shows that: 



(1.227) 



pSl'"-'' =-i\-'q"'Cl'''' (1.228) 

The map p can now be diagonalized in the space JF?" U JF^"+^. A set of eigenvectors are: 



Cf^ T iq-'-Sl^"-'^ e .F^" u .Ff +1 



(1.229) 



They belong to the eigenvalues: 
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p {C^M ^ iq-isl^"-'^ } = ±^q^-' {Cf^ T ^q-'-Sl^^'-'^ } 



Ag2 



(1.230) 



When we compare ( 1.230| ) with (1.157) we know how to continue. It is exactly the same 
analysis as in chapter five that we have to repeat to construct a basis that consists of eigenstates 
of p. 

We now turn our attention to the oper ator p ^. As a differential operator it acts on C°° 
functions. Starting from the representation ( 1.214 ) for p a short calculation yields: 



4 .q + q ^ — 2cos{xp + px)h 



A2 

f + 0{h) 



1 + {xp + px) 



(1.231) 



We can consider h as a. coupling constant and expand p^ at pP' . Thus we could consider a 
Hamiltonian: 



H = \p' = \f + 0{h) 



(1.232) 



We would find that H is not a selfadjoint operator in L^. It is, however, a selfadjoint operator 
on the space JF' equipped with the norm (1.218). Its eigenvalues are ^^q"^" and ^^q^"^'^ ■ The 



eigenstates are the same as the eigenstates of p. 

A final remark on the representation of p and A on the space T'^. Both can be viewed as a 
linear mapping of J-'' into T"^ in very much the same way as a vector field is a linear mapping of 
C°° into C°°. The derivative property of a vector field is changed, however. The operator A acts 
group like: 

A/g=(A/)(A5) (1.233) 

and p acts with the Leibniz rule: 



They form an algebra: 



pfg^{pf){Kg) + {K-^){pg) 



{Kp-qpk)f = Q 



(1.234) 



(1.235) 



1.9 Gauge theories on the factor spaces 

The usual gauge transformations on wave functions tjj{x^t) 



^p'{x,t) = e*"(*'*)V(i,t) 

a(i,t) = gy^ai{x,t)Ti 
I 



(1.236) 



define a gauge transformation on JF^ as well. We want to show that there are covariant expressions 
for X, A and p that reduce to x, A and p for g = 0. 

The operator x by itself is obviously covariant and acts on J^'^. 



A covariant expression of A is obtained by replacing the canonical momentum in (1.211) by 
the covariant momentum 



p^p-gA'{x,t)Ti 



(1.237) 
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where A^Ti transforms in the usual way: 



A'^Ti = e'^A'Tie'-"' - -e'^de''" 



I 
— ( 

9 



(1.238) 



This leads to the expression 

A^q~'^(p-9A'T,)-^ (1.239) 

It is certainly true that 

^/^g»a(£.t)^g-»a(£,t) (1.240) 

because it is true for any power of the covariant derivative p — gA^Ti. Thus: 

A'^'{x,t) = e'"(*'*)AV(£,i) (1.241) 

We have to show that A is defin ed on JF*. This will be the case if A leaves the ideals F±qn 
invariant. We adapt the notation of ( 1.73 ) and define: 



^-1 — (7''*P+5A = qi^Pq-i^iP-gA'Ti) 



(1.242) 



As a consequence of the Baker-Campbell-Hausdorff formula E can be written in the form 

E = q""^' (1.243) 



where a is a functional of A and its space derivatives. Thus E acts on J-q. 
E was defined such that 

A = AE-'^{x) 
This shows that A acts on Tq as E~^ and A do so. 



(1.244) 



Formula (1.242) can be used to compute a in (1.243) explicitely. We make use of the time 

at' 



dependence in A{x,t) and compute the expression EjLE ^ first with E in the form (1.243) and 



then with E in the form (1.242) and compare the result. We demonstrate this for the abelian case: 

(1.245) 






Now the second way: 



4--' 



ix{p-gA) _q-ix(p-gA) 

dt 



d_ 
dt 
d 



-igxAh, — 



ix{p — gA)h, 



1 d 

+ ighxA + -h'^gx—{igxA) + 

+ -.h-{x^r-\igxA) + ... 
n\ ax 



This can be written in a more compact way: 



E—E-' = — 



d g^Sx — 1 d 



-.,.A..I 



dt 



dt 



ig—xA 






A comparison of (1.247) and (1.245) shows that 



(1.246) 



(1.247) 
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-q t; — xA 

hx4^ 



(1.248) 



In an expansion in x-§^ of ( 1.248| ) there is never a negative power. Another way of writing (1.248 



is: 



'9 r— ^3 xA 



hxSr 
OX 



(1.249) 



-gh-\q-^A-'-l)d-'A{x,t) 



In this form it is obvious that a has the right transformation property such that E transforms as 
mdLTll). 

We show the transformation law in the non-abehan case for E as well: 



E(x) = q^^^'P^9A^(x)Ti) -ixp 



E'{x) 



ix(p-gA" (x)Ti ) -ixp 
^ia{x) ix{p~gA\x)Ti) ^-~ia{x) ~ixp 



i(£) 



E{x)e 



—ia{qx) 



(1.250) 
(1.251) 



This agrees with (1.61 



It is now obvious how to define the covariant version of p 



p = iX ^x ^((72 A 



rA-i) 



(1.252) 



This is covariant under gauge transformations, it has the property that p —t p for <? — > and 
it is defined on Tq. 

The gauge covariant differential operators A, p and I?t acting on time dependent elements of 



Tq form an algebra. This is the algebra (1.104). We can now express the tensor T through the 



: W 



vector potential A^ — A, —igA^ 

T = -E{dtE-^) - igA" + igE{A-^A")E-^ 



(1.253) 



The first expression we have calculated in (1.246) for an abelian gauge group. We now compute 
T for an abelian gauge group: 



, l,|„-._,,(_|,.,|,o)} 



(1.254) 



' dx 

We see that the curvature T is a functional of the usual curvature F: 



and its space derivatives 



-1^°-!-' 



T = zg{A-' - l)d-'F 



(1.255) 



(1.256) 



For the non-abelian case the calculations are more involved and as I have not done them I have 
to leave them to the reader. 
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Chapter 2 

g-Deformed Heisenberg algebra in 
n dimensions 

2.1 SLq{2), Quantum groups and the i^-matrix. 

Let me first present a siniple example of a quantum group, SLq{2). This will allow me to exhibit 
the mathematical structure of quantum groups and at the same time I can demonstrate why a 
physicist might get interested in such an object. 
Take a two by two matrix with entries a,b,c, d: 

If the entries are complex numbers or real numbers and if the determinant is not zero T will be 
an element of GL(2, C) or GL(2, R). 

For GLq{2) we demand that the entries a, 6, c, d are elements of an algebra A which we define 
as follows: We take the free associative algebra generated by l,a, 6, c, d and divide by the ideal 
generated by the following relations: 

ab = qba 

ac = qca 

ad ^ da + Xbc (2.2) 

be = cb 

bd — qdb 

cd — qdc 

q is a complex number, q £ C,q ^ and X = q — q^^. 
In the algebra A we allow formal power series. 
A direct calculation shows that 

detqT = ad — qbc (2-3) 

is central, it commutes with a, b, c and d. If detqT 7^ we call T an element of GLq{2), if detqT = 1, 
T will be an element of SLq{2). 

So far for the definition of S Lq{ 2). It looks quite arbitrary; by what follows, however, it will 
become clear that the relations ( |2.2[ ) have been chosen carefully such that the algebra A has some 
very nontrivial properties. 

The relations ( p.2[ ) allow an ordering of the elements a, 6, c, d. We could decide to write any 
monomial of degree n as a sum of monomials a"i5"^c"^d"* with 71 = 711 + rt2 + «3 + n.4. We could 
have chosen any other ordering, e.g. b™^ a™^ d™'^ c™"* , n — nii + TO2 + m^ + TO4. Moreover, the 
monomials in a given order are a basis for polynomials of fixed degree (Poincare-Birkhoff-Witt). 
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The relations depend on a parameter q and for q = 1 the algebra becomes commutative. In 
this sense we call the quantum group GLq{2) a q deformation of GL{2, C). 

That the Poincare-Birkhoff-Witt property is far from being trivial can be demonstrated by the 
following example. Consider an algebra freely generated by two elements x, y and divided by the 
ideal generated by the relation yx = xy -\- x^ + y^ . If we now try to order y^x in the xy ordering 
we find x^ + j/'^ + x'^y + xy'^ = The polynomials of third degree in the x,y ordering are not 
independent. This algebra does not have the Poincare-Birkhoff-Witt property.R 

That our algebra A has the Poincare-Birkhoff-Witt property follows from the fact that it can 
be formulated with the help of an R matrix and that this matrix satisfies the quantum Yang 
Baxter equation. 



Let me introduce the concept of an R matrix. The relation (2.2) can be written in the form 



W'hTKt', = T\ThR'''rs (2.4) 

The indices take the value one and two, repeated indices are to be summed, T'j stands for a, 5, c, d 
in an obvious assignment and R is the following 4 by 4 matrix 



R 



( qO QQ\ 
A 1 
10 

\Q {) {) qj 



(2.5) 



The rows and columns of R are labelled by 11, 12, 21 and 22. 
As an example: 

R}^,,T2T^2 = T\T^,R'^ 22 

becomes 

\T^2T^2 + T\T\ = qT\T\ 

or 

Xbd + db = qbd -^ bd = qdb 

The relations ( ^.4[ ) are called RTT relations. They are 16 relations that reduce to the 6 relations 
of eq. (|2.2|). This of course is due to particular properties of the R matrix (pj|). We could start 
from an arbitrary R matrix, but then the RTT relations might have T — 1 and as the only 
solutions. If on the other hand we take R to be the unit matrix R]^i = 516J , there would be no 
relation for abed. If R'j^^ — S^Sj, all elements of the T matrix would commute. The art is to find 
an R matrix that guarantees the Poincarc Birkhoff Witt property, in this case for polynomials in 
a, 5, c, d. 

In any case, the existence of an R matrix has far-reaching consequences. E.g. from the RTT 
relations follows: 

= R'''-,,,,T^\T^\,®rk^T%, 

This shows that we can define a co-product: 

AT^', = T\ ® T^'i (2.6) 

It is compatible with the RTT relations: 

ff^■fc^AT^A^^ = AT'kAThR'^'rs (2.7) 



^This example has been shown to me by Phung Ho Hai (thesis). 
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This co-multiplication is an essential ingredient of a Hopf algebra. Another one is the existence of 
an inverse (antipode). We have already seen that detqT is central. We can enlarge the algebra by 
the inverse of detqT. Then it is easy to see that 



r-i = 



1 



detqT 



d, -ife 
-qc, a 



(2.8) 



is the inverse matrix of T. 

We have now learned that a quantum group is a Hopf algebra, it is a g-deformation of a group 
and it has an R matrix associated with it. 



We continue by studying the R matrix (2.5) in more detail. It is an easy exercise to verify that 
it satisfies the characteristic equation: 



{R^q){R+-) = 



(2.9) 



The matrix R has q and — ^ as eigenvalues. The projectors that project on the respective 
eigenspaces follow from the characteristic equation: 



A 



q 



1 



:(R-q) 



1 



r(R- 



1. 



(2.10) 



A is a deformation of an antisymmetrizxer and S* of a symmetrizer. The normalization is such 
that: 



A^ ^A, S'^ ^S, AS = SA = 0. 1 = S + A, R = qS--A 



(2.11) 



The R matrix approach can be generalized to n dimensions. The n^ by n^ R matrix for the 
quantum group GLq{n) is: 






5l5l[l + {q-l)5^'] + {q--^)e{^-3)5i5\ 



(2.12) 



where 9{i — j) — 1 for i > j and 9{i — j) = for i < j. The RTT relations ( ^.4| ) now refer to 
an n X n matrix T. There are n^ relations for the n^ entries of T. It can be shown that the thus 
defined T matrix has the Poincare-Birkhoff-Witt property. Comultiplication is defined the same 
way as by ( ^.6| ) and the R matrix satisfies the same characteristic equation (2.10). This leads to 
the projectors A and S in the n-dimensional case as well. 
The i?-matrices (2.5, 2.12) are symmetric: 



f^ab r>cd 

^ cd — ^ ab 



In such a case, the transposed matrix T: 



T\ = T\ 



will also satisfy the RTT relations (2.4) 

T~ a rjnh ryCd rr\C rrtd Tjcf 

cl dii ef — -L aJ 6^ cd 

= T^T^.R'^ab = R^^jf'.Pf 

Therefore T G GLq{n), if T e GLq{n). It then has an inverse f^^: 



Jqyii,), 11 J- ^ ^±^q 

b — U)^, 

In general, (for g 7^ 1), however, T^^ 7^ T^^. For n — 2: 



T-i ^;f \ = s?^, f\f-^ \ = 5? 



1 



detqT 



g2 
1 



-qb a 

d -ic 
q 

-qb a 



,T- 



4 

1 



detqT 



: -qc 
^-b a 



d —qc 
-lb a 



(2.13) 

(2.14) 

(2.15) 
(2.16) 

(2.17) 
(2.18) 
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2.2 Quantum planes 

After having defined the algebraic structure of a quantum group we are interested in its coniodules. 
Such coniodules will be called quantum planes. 



Let the matrix T satisfy RTT relations of the type (2.4) with some general matrix R and let 
T co-act on a n-component "vector" as follows: 



uj{x') = T\(Dx'' 



(2.19) 



This defines a contravariant vector. 

We ask for an algebraic structure of the quantum plane that is compatible with the co-action 

(Hi- 

From the RTT relations follows that for any polynomical 'P{R) it is true that: 



ViRYhiTKT', = TkThV{Rf\ 
As a consequence, any relation of the type 

V{Ry^kix''x' = 
implies 

v{Ry^ kMx^Mx') = 

We shall say that the relation ( ^.21 ) is covariant. 



A natural definition of an algebraic structure is: 



(2.20) 

(2.21) 
(2.22) 

(2.23) 



if Pa, the "antisymmetrizer" , can be obtained as a polynomial in the R matrix. This then 



generalizes the property that the coordinates of an ordinary space commute and (1.42) is covariant. 
For GLq{n) the most general polynomial of R is of degree one and from (I.IC) we know that 
( p. 23 ) becomes: 

x'x^ = -R'hix^x^ (2.24) 

In two dimensions, this reduces to the condition: 



XX — qx X 



(2.25) 



The relations (2.24) can be generalized to the case of two or more copies of quantum planes, 
for instance (x^,x^) and (y^,y^). The relations 



rS/J 



k^l 



x-y = -R'hiy X 
q 



(2.26) 



are consistent, i.e. they have the Poinc are -B irkhoff-Witt property for arbitrary k, k ^ and they 
are covariant. For n = 2 the relations ( 2.2(: ) are 



X y = Ky x 



„1„,2 



1^2 



2 1 \ \ 

x"y~ = —y X H — Ay x 
q Q 



(2.27) 



„2„,1 



K 



,1^2 



X y — —y X 

q 

2 2 2 2 

X y — Ky X 



Consistency can be checked explicitely: 

x^y^y^ ~ qy^y^) = i^y^x^y^ - qi^{-y^x^ + -\y^x^)y^ = i^^i-yV - y^y^)x^ (2.28) 



40 



Taking x^ through the y relations does not give rise to new relations. Similar for all third or- 
der relations and then, by induction, we conclude that (2.27) does not generate new higher order 
relations and therefore the Poincare -BirkhofF-Witt property holds. 

We can do this more systematically if we start from a general R matrix as we did at the 
beginning of this chapter. We consider three copies of quantum planes, x,y and z. Covariant 
relations are: 

xy = Ryx, yz = Rzy, xz = Rzx (2.29) 



(indices as in ( 2.26 )). We demand that a reordering of xyz to zyx should give the same result, 
independent of the way we achieve this reordering. There are two "independent" ways to do it. 
The first one starts by changing first xy: xyz — > yxz — > yzx — > zyx, the second one by changing 
first yz: xyz -^ xzy -^ zxy — > zyx. 

The result should be the same. This leads to an equation on the R matrix that is called 
Quantum Yang-Baxter equation. It can easily be formulated by introducing tt' by rt' matrices: 



W,.. - 



Rl2'\,) 



UHt2 . . X^3 . 



(2.30) 



and 






(2.31) 
The Yang-Baxter equation that follows from the independence of the reordering then is: 

R12R23R12 = R23R12R23 (2.32) 

These are n^ equations for n^ independent entries of the i?-niatrix. It can be checked that the 



i?-matrices ( p.5[ ) and (2.12) do satisfy the Yang-Baxter equation. 
A direct consequence of ( 2.32| ) is 



V{Rl2)R23Rl2 = R23Rl2V{R 



23 J 



(2.33) 



where 7^(i?i2) is any polynomial in i?i2, e.g. a project or P1 2 or R12 ^ . 

We now use ( 2.32 ) to discuss relations of the type ( 2.28 ) more systematically: 



PA23xyy = -PA23Ri2yxy 

q 



-lTPA23Rl2R23yyX 



:Ri2R23PAi2yyx. 



Thus the relation ( 2.26| ) is consistent with the xx and yy relations (2.21) if ^ satisfies the Yang- 
Baxter equation. 

For the i?- matrix (2.32|) becomes 



pah p/3c pa7 ffbc jyaa p7/3 /n q/|\ 

It is interesting to note that this relation expresses the fact that the n x n matrices i".^ 



{t°'i)ab — R"^ 
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(2.35) 



- where a, 6 label the n rows and n columns respectively and a, 7 label n^ matrices - represent a 
solution of the RTT relations. With the notation (2.35) eqn. (2.34) takes the form 



t\t%R'^^r - R^' 



R apt rt' 



a ,/3 



(2.36) 
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where the ts are multipHed matrixwise. 

The inverse of R12 or R23 is R~^i2 or R~^23- With R the matrix R~^ wih satisfy the Yang- 



Baxter equation as well. Thus we could have used R ^ in (2.26) as well. 
We now try to define a covariant transformation law: 

coiy,)^S',(E)yi (2.37) 

such that 

uj{yix^)^l(g)yix^ (2.38) 

This leads to 

S = T-^ (2.39) 

Thus a covariant quantum plane exists if we can define T^^. Covariant relations for this quantum 
plane are of the form where P is a projector 

yaVbPl'r'^ = (2.40) 

Note the position of the indices. 

oj{yayb)P'"'im = T-^\t-^\ ® yrysP'^'im 

= P'\bT'^\nT~^"i yry. = 

The second step follows from the RTT relations (p^). 

It is possible to define covariant and consistent relations between the covariant and contravari- 
ant quantum planes. We start from the Ansatz: 

x'^yi = TTi'^ymx' (2.41) 

Covariance means that 

uj{x^yi) = T\S^i ® x-'y„, = r.S'^i ® T^^ynx' 

= r;7'^5"™r^ ® ynx* (2.42) 






db — '- tl 

^ , ^ ,'^bd T^ac , „. , „ 

bl dl^sr - '^db-^ s^ r 

This is the condition for covariance. Now we have to prove consistency. 



rpa rjic pbrf T^acrpd rpb 



(2.43) 



= P^'cdX^xS = P''\aTfix-yexf 
= P^'cdTfiV'^f^.ykx'^xf (2.44) 

= V%T^;,P'^^^jyux"^xf 



For the last step we have to use the Yang-Baxter equation ( p. 32 ) for F and that P is a polynomial 
inF. 

Thus F has to be a solution of t he Y ang-Baxter equation such that the FTT relations hold 



for Ts defined by the RTT relations (2.4). In general there might be several such solutions. Any 
such solution F can be decomposed into projectors on the invariant subspaces - this follows from 
covariance. We know that with R, Rr^ will always be a solution as well. 

If we use F = qRr^ we find that yix^ is central, it commutes with all x^ and y^- 

Another way to define a covariant transformation law is: 

^{Vi) = S^ ® Vk (2.45) 
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and require that: 
This leads to: 






with the notation of ( 2.14 ). 

A similar analysis as above shows that 



yix'' = Tf^x'yr 



(2.46) 

(2.47) 

(2.48) 



is consistent and covariant. T again might be any solution of the Yang-Baxter equation that can be 
decomposed into covariant projectors. Compare the position of the matrices in (^.48) and (^.4l|). 



yaybP'"'im = 



(2.49) 



is covariant again. 

If we reorder x and y by (2.41) we can relate (2.39) and (2.47). If x is the inverse matrix of F 

X^tl^r = SfS^ (2.50) 

we find: 



b br I 

VaX = XalX yr 



and, therefore 
Thus 



(2.51) 
(2.52) 

(2.53) 

has to transform with S as in ( ^.45 ). A direct calculation for SLq{2) shows that this is consistent 
with ( pl7| ). We have 

f~^=X-^T-\ (2.54) 



VaX" = xZx^Vr = X^yi 



^ (17* T Of* 

yi =XalVr, Xl ^Xal 



The change from (2.37) to (2.45) can be achieved by a linear change of the basis in the quantum 
plane. 



If, for SLq{2) we start from F == _R in (2.41) we find from (2.53) that in (2.45) the respective 
F is F = R^^. Thus by a direct computation from 



it follows 



xWji = RTVmx' 
yax'' = {R-^f^^x'^yc 



(2.55) 
(2.56) 



2.3 Quantum derivatives 



Another algebraic structure on co-modules is obtained by generalizing the Leibniz rule of deriva- 
tives: 



d J _ J J d 
dx^ ' dx'- 



(2.57) 



We demand that the algebra generated by the elements of the quantum plane algebra x' and the 
derivatives di, divided by proper ideals, has the Poincare-Birkhoff-Witt property.In addition we 
shall show that there is an exterior differential calculus based on these quantum derivatives. 
We start with an Ansatz: 

d,x^ = 51 + Cfxkd' (2.58) 
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It allows arbitrary coefficients C^i that should take care of the noncommutativity of the space. 
Covariance and the PBW requirement will determine the n^ x n^ matrix C to a large extent. 
Covariance will be achieved by requiring di to transform covariantly: 



This leads to certain conditions on C which we derive now: 

u;{Si + Cfx'dk) = 51 + Cl^T'nS'^k ® x^'dm 
Equating these expressions yields: 

S\ThC^r^C',i''T'nS"'k and S'aT',^6a\ T\S'j=Sa'' 



(2.59) 



Thus S is as in (2.45). As a further consequence of (2.60) 






b r^cd 



(2.60) 



(2.61) 



polynomial has to be a combination of projectors: 



Eqn. (2.61) can be satisfied if C is a polynomial in R. To guarantee covariance such a 

(2.62) 



all projectors 
Next we demand consistency with the algebraic relations for the quantum plane: 



ab ^c d 



i^A cdX X 







Pa is the antisymmetrizer. We compute 



ab ^cd 



d^PA'^'cdx'x 

{Pa"",, + PA''\dC^\j)x' + PA"'cdCS;atx"x"9, 



(2.63) 



(2.64) 



I] r -1 /I cd^ ij ) 

Consistency requires that this expression should be zero. There are two equations to be satis- 
fied. The first one is: 

Pa + PaC = (2.65) 



(2.66) 



From (2.65) follows: 

C^-Pa+ J2 ^'^' 

symmetric projectors 

The seco nd equation that we obtain is more difficult to analyse. We realize that the last term 
in eqn ( 2.64 ) can be written as follows 



{PA12C23Cl2r'"''''p,0,0,x'''x^'da 



Here we use the notation of ( ^.30| ) , ( ^.31 ) . If we manage to carry Pa to the right hand side as a 
Pa23, then Pa would act on: x^'^x^^ and give zero. This hints at the structure of a Yang-Baxter 
equation: 



PA12C2a.C\2 — C23C12PA23 
If C is a solution of the Yang-Baxter equation: 

I2C/23O12 — C'23<-/12023 



(2.67) 

(2.68) 
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then it would be true that for any polynomial V{C) we would have: 

P(C)i2C23Ci2 — C23Ci27^(C)23- 



(2.69) 



We conclude that if C has the structure given in eqn(2.66) and if coefficients q can be found 
such that C satisfies the Yang-Baxter equation and if all the q 7^ —1 (so that we can write the 
projector Pa as a polynomial in C) then the derivative defined in (2.58) is consistent with the 
quantum plane relations (2.63). This is the case for SLq{n). There we have eqn (2.66): 



and therefore: 



R = qS--A, R-^ = -S-qA 
Q q 



C^qR or C-'^ = -R-\ 
9 



There are two solutions that have the desired properties. 
We conclude that 

d,X^ - Si + qW\ix'dk 



(2.70) 



(2.71) 



d,x= = 51 + -R-^^\ix'dk 

q 



(2.72) 



are two possibilities to define a covariant derivative on a quantum plane consistent with the defining 
relations of SLq{n) quantum planes. 

In general, if there are consistent and covariant derivatives, i.e. if we can find a matrix C°'''cd 
that satisfies the Yang-Baxter equation and that has the decomposition in projectors ( 2.66 ), then 



c-' = -pa+ E^r'^^ 

sym. 

has the same properties and we have two possibilities to define covariant derivatives. 
To complete the algebra we have to find the dd relations. To this end we compute: 



(2.73) 



axb 



^ab 



djd^x'^x'' = 5^5'j + Cf/ + . 



The unit SfS'^ has a projector decomposition: 



1 = Pa+ J2 ^' 
sym. 



Combining this with (2.66) we find 



d.d.x^x" = 5] (q -f i)Pi^\, + ... 

sym. 
and we conclude that it would be consistent to demand 



OAPa', 



0. 



(2.74) 



This is a covariant condition and we can show by an argument similar to the one that followed 
eqn ( 2.64 ) that ( 2.74 ) is consistent with ( ^.71 ), including all the terms that have been indicated 
by dots. 

We summarize 

Pa'^KcIX^x'' = (2.75) 

dadbPA'\d = 

dax'' = St + C','dx'd, 
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and 

C^-Pa+ Y. ^iPi (2-76) 

sym. 

12L'23^12 — (-'23'-^12L'23 

It defines a covariant and consistent algebra. The matrix C can be replaced by C"^ and we again 
obtain a covariant and consistent algebra. 

dadhPA\d = (2.77) 

bax'' ^8\^ c-'^^^dx^b. 



We can consider the algebra generated by x,d and d. A similar argument that led to (2.74) 
shows that 

badb = C^\adA (2.78) 

is a consistent and covariant condition. 



Let me list the relations for the algebra based on the R matrix (|2.6l| ), i.e. for SLq{2): 



x'x^ = -R'^kix^x^ ■■ (2.79) 

q 

x^x^ = qx^x^ 



d,x^ = 5i + qRl^x'dk : (2.80) 

dix^ = l + q^x^di+qXx'^d2 
dix^ = qx^di 
d2X^ = qx^d2 
d2X^ = 1 + q^x^d2 

dadb = -dAR\a : (2.81) 

q 

(9i92 = -929i 
q 

b,x^ = Si + -R-^i\ix''di : (2.82) 

q 



bix^ 


= 1 + \x^di 
q^ 




bix^ 

b2X^ 
b2X^ 


= -x^b, 
q 

= -x'b2 
q 

- 1 + \x^2 - 

q^ 


A 1 

- -X 

q 


babb 

bib2 


= -bAR\a : 

q 

= -92<9i 
q 




badb 


=- qW^addbc ■■ 




bidi 


= q^dA 





(2.83) 
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92^1 = qdid2 + A(j(92<9i 
^292 = g^ 92(92 

There is an exterior differential calculus based on these quantum derivatives . We introduce 
differentials and as a generalization of the anticommutativity of ordinary differentials we demand: 



and as usual: 



Ps°'\ddx''dx'^ = 



d = dx'di 
d^ = 0, d{fg) = {df)g + fdg, ddx' = -dx'd 



(2.84) 

(2.85) 
(2.86) 



We can make use of ( 2.84 ) and ( 2.85 ) to find relations for x and dx. We start with an Ansatz: 

x'dx^ = Ol^dx'^x' (2.87) 

Acting with d on this equation yields: 



dx'dx^ = -O'^^x'^dx' 



We combine this with ( 2.84 ) and obtain 



and in turn: 



Next we evaluate the equation: 



(1 + 0)= J2 ^iPi 

sym. 
sym. 



d- x" = dx"- + x'd 
dx'dix' = dx' +x''dx''di 
dx^&^'isx'dr = 0'''isdx^x''dr 



(2.88) 



We conclude: 



O' 



C 



This is consistent with ( 2.8q ). 

We could also have derived the exterior algebra: 

P/'mx^'x' = 
Ps'^kidx^dx^ = 

x'dx' = C'hidx'^x^ 



(2.89) 



(2.90) 



from consistency arguments and the properties of the differential as given by (2.86). The derivatives 
and their properties then would have followed from ( ^.85 ). For our purpose, however, the existence 
of derivatives and their properties is more essential. That there is an exterior calculus with all the 
properties ( ^.86 ) - especially the unchanged Leibniz rule - is a pleasant surprise. 

We can now deal with the entire algebra generated by x' , dx^ , di and divided by the respective 
ideals. For this purpose the dx', dj relations have to be specified. 



We again start with an Ansatz: 



djdx' 



D^'^jidx^dk 
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and we multiply this equation by x^ from the right: 

djdx'x'' = D'^jidx^dkx'' 

C-^'^'stdjx'dx' = D'^jidx^dkx'' 
This equation splits into two parts: 

and 

C-^'''stC'''jbX^dadx' = D''',iC'\^,dx'x^da 

^From the first equation we conclude: 

D-^., = C-i^'-.t (2.91) 

The second equation is true because C satisfies the Yang-Baxter equation. For the x,d and dx 
algebra to be consistent it is now necessary that C satisfies the Yang-Baxter equation. The result 
is: 

djdx' = C-^'''jidx^dk (2.92) 

It should be noted that whereas x and d have simple commutation properties (da;° = (da;°) +x°'d), 
this is not true for d and di. 
We compute: 

d,d = d.dx'di = C-^''',bdx''dadi (2.93) 



The antisymmetric projector of C does not contribute to (2.93). The result, however, depends on 
C via the symmetric projectors. For SLq{n) it can be evaluated explicitely: 

C-l = q-^R-^ = -A + q-^S = q-H - (1 + q-^)A 

and we obtain for SLq{n): 

^^d = q-^ddi (2.94) 

To complete the list of explicit relations for SL2{2) we finish this chapter by giving the xdx 
relations: 

dx x — q X dx 

dx^x^ = qx^dx^ + [q^ - l)x^dx'^ (2.95) 

dx X — qx dx 

I 2 2 2 2j 2 

dx X = q X dx 

2.4 Conjugation 

Let us finally enrich the algebraic structure by adding a conjugation. For a physical interpretation 
this will be essential because such an interpretation will rest on Hilbert space representations of the 
algebra and observables will have to be identified with essentially self-adjoint operators in Hilbert 
space. The conjugation defined here is a purely algebraic operation to start with but later has 
to be identified with mapping to the adjoint operator in Hilbert space. We introduce conjugate 
variables as new independent elements of the algebra: 



x'^x^ = XjXi (2.96) 



The lower index of Xi does not mean that they transform covariantly as defined by (2.37) or ( ^.45[ ). 
The transformation law follows from (2.19|): 



uj{xi) = T'k ® Xk = T^ (g) Xk (2.97) 
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We have defined: 



Th 



T 



From the RTT relations (2^) follows by conjugating: 



R+'-ikTiT\ = T%T\R+'\, 



(2.98) 



(2.99) 



-R+'"' is defined as follows: 



R 



+sr 



Ik 



R^\ 



(2.100) 



R'^ satisfies the Quantum Yang-Baxter equation if R does. This can be verified by direct calcu- 
lation. 



For the R matrix (2.5), (2.12) and real q{q = q) we find 



R 



-]-sr 



Ik 



i?"" 



Ik 



(2.101) 



i?+ in this case is obtained from i? by a symmilarity transformation and has the same eigenvalues. 
The X X relations are obtained by conjugating (2.24): 



X'iXi 



JX ijXlX}^ 

q 



(2.102) 



This is exactly of the same type as th e relation ( 2.4C ) with P == ^ of ( 2.10 ). A consistent xx 
relation is therefore obtained from ( 2.41 ) by F = qR^^. We choose this possibility to have Xix"^ 
central: 

(2.103) 






qR kjXix 



This is consistent with conjugation as well. 



We demand covariance of this relation with respect to (2.19) and (2.97) 

u!{x'^Xj) = T^iT jX Xk = 

qT^T^.iR'YskXrx' 
q{R-^)'\/f iT\:Xrx' 



(2.104) 



This leads to: 



t\t\{r 



-l\rl 



sk 



= {R-YkiT\T''s 



(2.105) 



These are the RTT relations. All this could be put together to one big quantum plane of 2n 
elements {x'^,Xj) and one big (2n)^ x {2n)^R matrix satisfying the corresponding Yang-Baxter 
equation. What we arrive at is the c ompl ex quan tum p lane g enerated by x^,Xj and divided by 
the ideals generated by the relations ( ^.24|) , ( 2.1G2| ) and ( 2.103 ). The quantum group represented 
by T and T is GLq{2, C) or, for detqT = 1, SLq(2, C). 



A generalization to several quantum planes is possible starting from (2.26) 



k„l 



x'y^ = -W^kiy X 

q 



(2.106) 



VjXi 



-R^^jXiyk 



i — ry—lli - k 

X yj = nqR ^^yix 



y^Xi 



KqR ^uXky^ 



For n — 2 the explicit xy relations are (for k — 1): 



x^yi = yix^ 



X y2 ^ qy2x 



qXy2x 

„i 



(2.107) 
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qyix 
--mx^ 



The yx relations follow from (2.27) by conjugating. 

For the entries of T,T, as they are defined by (2.1) and its conjugate the T, T relations are: 



aa = aa — qXcc 
1 





ab ~ -ba — Xdc 




q 




ac = qca 




ad — da 




ba ~ -ab — Xcd 




q 


bb^ 


^bb + qX{da ~~ dd — qXcc) 




be— cb 




bd = qdb + Xq ca 




ca — qac 




cb = be 




cc = cc 




cd — -de 




q 




da = dd 



(2.108) 



db = qbd + Xq ca 
dc = —cd 

q 

dd = dd + Xqcc 



A comparison of ( 2.97 ) with ( 2.37 ) shows that it is possible to identify T with T ^. This then 
defines the quantum group Uq{n) or for detqT = 1 the quantum group SUq{n). 
For n = 2, 



T 



a b 
c d 



T-i 



d ^b 
<i 

-qc a 



(2.109) 



we find 



a = d, b — —qc 
d — a, c — — b 

q 



(2.110) 



It can be verfied directly that ( 2.110| ) is consistent with ( 2.10^ 



To extend conjugation to an algebra with derivatives we start with differentials. From ( 2.84 ) 
we have 

x'^dx'^ = qR'"^abdx''x^ (2.111) 

and therefore 

dx^dx"^ ^ -qR'"^abdx''dx'' (2.112) 
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Conjugation leads to 



and 



From ( 2.106 ) we conclude: 



and 



dxdXc ^ qR"" cdXbdXa 



dxdXd = -qR"^ cddxbdxa 



x'-dxj = qR ^'■^jdxix'' 



dx'dxj = -qR ^'i^jdxidx'' 



(2.113) 
(2.114) 
(2.115) 
(2.116) 



2.5 g-Deformed Heisenberg algebra 

The canonical commutation relations are at the basis of a quantum mechanical system: 

[x,p] — xp — px = i (2.117) 

The elements of this algebra are supposed to be selfadjoint 

S; = x , p^p (2.118) 

A physical system is defined through a representation of this algebra in a Hilbert space where self- 
adjoint elements of the algebra have to be r eprese nted by (essentially) selfadjoint linear operators. 
In quantum mechanics the elements of ( 2.117| ) are represented in the Hilbert space of square- 
integrable functions by: 

d 

x = x , p = -i—- (2.119) 

ox 



Starting from the algebra (2.117), the spectrum of the linear operator x can be interpreted as the 
manifold on which the physical system lives - i.e. the configuration space. 

In quantum mechanics it is Ri(x G Mi). The element p is a differential operator on this 
manifold. 



We shall change the algebra ( 2.117 ) in accord with quantum group considerations. It is natural 
to assume that x is an element of a quantum plane and to relate p to a derivative in su ch a plane. 
The simplest example that we can consider is suggested by the last equation of ( ^.81 ). With an 
obvious change in notation we study the algebra 



dx ~ I + qxd 



(2.120) 



More precisely, we study the free algebra generated by the elements x and d and divided by the 
ideal generated by ( ^.120 ). 

If we assume x to be selfadjoint 

x = x (2.121) 



we see that this cannot be the case for id because we find from (2.120) that: 

dx 



1^1 75 
1 — xo 

q q 



(2.122) 



In general d will be related to d rather than to d. (See the second equation of (2.82)). Thus 
we could study the algebra generated hy x, d and d and divide by (2.12C), (2.122) and an ideal 
generated by dd relations. These can be found by a similar argument that led to the dd relations 
( ^.78D . We compute from ( ^.120D and ( ^.122] ) ddx and ddx and find that 



dd — qdd 



(2.123) 



is consistent with these calculations. If we now try to define an operator phy p = —^{d — d) we 
find that the x,p relations do not close. The real part of d has to be introduced as well. Thus 



51 



our Heisenberg algebra would have one space and two momentum operators - a system that will 
hardly find a physical interpretation. 

It turns out that d can be related to d and a; in a nonlinear way. This relation involves the 
scaling operator A: 



A = q2 {I + {q - l)xd) 
Ax — qxA 
Ad = q-^dA 



(2.124) 



The scaling property follows from ( 2.120|) . 
We now define 

d = —q^^A^^d 

A^^ is defined by an expansion in (g — 1). We find 



dx -- 

dd — qdd 



^ + ^xd 

q q 



(2.125) 



(2.126) 



Comparing this with (2.122) and ( 2.123| ) it follows from (2.125) and ( p.l2(^ ) that conjugation 
in the x, d algebra can be defined by 



d = —q 2 A ^d 



Conjugating A and using ( 2.127 ) shows that 

A = A-i 



(2.127) 



(2.128) 



A is a unitary element of the algebra, this justifies the factor (72 in the definiti on of A. 

The existence of a scaling ope rator A and the definition of the conjugation ( 2.127 ) seems to be 
very specific for the x, d algebra ( 2.12C ). It is however generic in the sense that a scaling operator 
and a definition of conjugation based on it can be found for all the quantum planes defined by 
SOq{n) and 5*05(1, n). 

The definition of the g-deformed Heisenberg algebra will now be based on the definition of the 
momentum: 



p=--{d-d) 

It is selfadjoint. From the x, d algebra and the definition of d follows 

q^xp — q ipx = lA 

Ax — qxA Ap = q^^pA 

and 



p = p 



A==A- 



(2.129) 



(2.130) 



(2.131) 



These algebraic relations can be veri fied in the x , d re presentation where the ordered x, d 
monomials form a basis. We shall take ( 2.130|) and ( ^.131 ) as the defining relations for the q- 
deformed Heisenbergalgebra without making further reference to its x, d representation. 



2.6 The q-deformed Lie algebra slq(2) 

The algebra slq{2) is the dual object to the quantum group SLq{2). In this chapter we first define 
this algebra without referring to the quantum group and then study its representations. 
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The algebra is defined as follows: 

-T+T- - qT-T+ = T^ 
Q 

q^ q 

It is often convenient to introduce the "group like" element r: 

T = 1 - AT3, a = g - i 



T3 = A-i(l-r) 



(2.132) 



(2.133) 



From ( |2.132D follows 



tT^ 



rT+r 



tT- = q'^T- 

-T+T- - qT-T+ = -(t - 1) 
q A 



The algebra ( 2.132 ) has a Casimir operator 



f2 = q^{T-T+ + -i7)t-i/2 _^ ^r-- - 1 - r 



>"'-!-. 



(2.134) 



(2.135) 



T^ commutes with T^,T~ and T^. The constant term has been added to give the usual Casimir 
operator in the l imit q — > 1 . 

The algebra ( 2.132 ) allows a coproduct: 



A(T3) = T^®l + T(g)T^ 

A(r±) = r± ® 1 + ri/2 (E) r± 



(2.136) 



This follows from its construction as the dual object of the Hopf algebra SLq{2) or it can be 
verified directly that: 



iA(T+)A(T-)-qA(T-)A(r+) = A(r3) 
92A(t3)A(T+) - 47A(r+)A(T3) = (g+i)A(T+) 



g' 



(2.137) 



^A(r3)A(T-) -g2A(r-)A(r3 



-('?+^)A(T-) 



To complete the definition of slq{2) as a Hopf algebra we add the definition of the co-unit: 



and the antipode: 



e{T) = 
5(r3) = -T'^T-^ 



(2.138) 



(2.139) 



For the Hopf algebra suq{2) conjugation properties have to be assigned. It is easy to see that 



77^3 



...+ 1 



T" = T^, T = —T-, T = q^T+ 



(2.140) 
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is compatible with all previous relations. 

With the very same methods with which the representations of angular momentum are con- 
structed in quantum mechanics we can construct representations of suq{2). The representations 
are characterized by the eigenvalue of the Casimir operator and the states in a representation by 
the eigenvalues of T^ . 

We first define the q number 

r 1 9" - 9"" 



q-q' 



and list the non- vanishing matrix elements: 

f 2|j, m > = q[j][j + l]\j, m > 
T^\j,m> = g-2-[2m]|j,m> 



T+\j, m> ^ q "" ^ y/[j+m+l][j-m]\j, m+l> 



T~\j,m> = q-^+ 
T\j,m> ^ g-4™ 



\/[j + 'm'][j -m- 
j,m > 



l]\j,m-l> 



(2.141) 



(2.142) 



The representation, characterized by j is 2j + 1 dimensional and it is easy to see that in the 
limit g ^ 1 it becomes the representation of the usual angular momentum j': 



1 : T'^ 



2j3 



yd 



3~ 



(2.143) 



such that 



j j^ - n = 2j3 

J3J+ - j^J3 = j + 

j~j3 - hr = j~ 



(2.144) 



It is remarkable that the non-vanishing matrix elements are exactly the same as for the repre- 
sentations of the undeformed angular momentum. This suggests that the T matrices are in the 
enveloping algebra of the j matrices. For the representations of the algebra ( 2.144| ) we know that 



h\i,m > = m\j,m > 



I j, m - 
I j, m 



1 >-- 
1 >= 



j+lj, TO > = \/iJ + m + l)(j -to)|j, m + 1 > 
i~ I j, TO > = ^/{^+nlj{j~^n^TT)\j, m - 1 > 

=j+|j,TO >^ 



1 

Vj(i + 1) -m'^ +'' 



J" 



=j \j,m>-- 



- Ji 
1 



J3 



J" 



- i2 
J3 



=j+|i,TO > 

5 



]3 



In the last step we replaced the numbers s,to by operators. 
Comparing ( |2!l45| ) with (|T42|) we find that 



T3 = q-^o:^[2j^]= d-q 



-4J3 



(2.145) 



(2.146) 



T+ = -q-U?.+h) 
A 



\ 



^\/i+ip 



-^/T+Ap 



-2J3 + 1 



r 



jI 



J3 



J 



(2.147) 



T- = -q-<-J^-i'' 
A 



\ 



V1+4J" 



^-Vl+4^ _ g-2j3-l _ g2j3 + l 



? 



^1 



J3 



T = q'^^' 
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have the same matrix elements (2.142). That they satisfy the same algebra (2.132) can be verified 
by a direct calculation. The eqns (2.144) should be used in the form 



(j3 - l)i^ = i^J3 



J3i+=J + (J3 + 1) 



and 

We calculate: 



JJ =J -J3+J3, J J =J -J3-J3 



A2^ 72 



q-2j3 + l _ q2,3-l 



J -J3+i3 



-J J 



1 V1+4J" + „-\/l+4j^ _ 0-2J3 + 1 _ „2j3-l 

^ J ~J3~J3 

-T+T- - qT-T+ = i.g-2,3 (qV^Ti? + q-V^T^ _ ^-2^3+1 _ ^2^3-1 
q A2 V 



1 -2.3(^2,3 _^-2:,3)(^_i)= 1(1 _^- 

A^ (7 A 



4J3 



rpO 



This should serve as an example. 

For j = 1/2 and j = 1 we show the representations explicitely: 

+ ,1 1 1,1 1 

,1 1 
^"l2'-2> = « 

^ l2'2> = '^'2'"2> 

3,1 1 ,11 

^l2'-2> = -'^l2'-2> 



,1 1 



.-1,1 1 



^I2'2> = '^"^l2'2> 



(2.148) 



r+|i,-i> = -^/iTf\i,o> 

T+|1,0> = \^lTq^\l,l> 



q- 
T+|l,l > = 

r"|i,-i > = 

r"|l,0> = qy/l + q^\l,-l> (2.149) 

r-|i,i> = v/rTg2|i,o> 

T^\l,-l> = -qil + q^)\l,-l> 
T^\1,0> = 

T3|l,l> = i(l + l)|l,l> 
q g2 

We can identify the vectors of a representation with elements of a quantum plane. The elements 
of a quantum plane can be multiplied. This product we identify with the tensor product of the 
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representations to obtain its transformation properties. From the comultiplication ( ^.136 ) we find 
the rule how the products transform: 



T^x--- = (A(T3)x • • •) = (T^x) ■■■ + {tx)T^ ■ ■ ■ 
T^x • • • = (A(T±)a; • • •) = [T^x) • • • + {t^/^x)T^ ■ ■ ■ 

the dots indicate the additional factors more explicitely for j = 1/2. We identify 



(2.150) 



1 1 



>= x , 



'2'2 



>=x" 



(2.151) 



and obtain from ( ^.148 ) 



T^x^ = q^x^T^ 



T^x^ = q-^x^T' 



T+x^ = qx^T+ H 
T+x"^ = q-^x^T 
T^x^ = qx^T" 
T-x^ = q^^x^T 



qx 

+ q^'^x'^ 
q-'x^ 



qx 



(2.152) 



Now we ask what are the algebraic relations on the variables x* that are compatible with (3.18). 



T+x^x^ = {qx^T+ + ix2)x2 = x^x^T+ + \x'x' 
T+x^x^ = ^x^T+x^ = x^x^T+ + ^x'^x^ 

q q^ 

T+{x^x^ - qx^x^) = {x^x^ - qx^x^)T+ 



The relation 



x^x'^ = qx^x^ 



(2.153) 



is compatible with 2.74, This can be verified for all the Ts. 

We have discovered the relation 2.25 for the two-dimensional quantum plane. This is not 
surprising, as we know that this plane is covariant unde r SUq {2) We could have started from 
2.25 and asked for all linear transformations of the type (2.15C) that are compatible with 2.25. 
This way we would have found (2.15C) and from there the "multiplication" rule (2.132) and the 
comultiplication (2.136). It is all linked via the R matrix. 

From 2.96 and (2.14C) we can deduce the action of the Ts on the conjugation plane: 



rr3— ^ — Ti3 I -'^ — 

1 Xi — -irXil + -Xi 

T^X2 = q^X2T^ - qx2 

1 

1 — ■ 

q 

T+X2 = qx2T^ - xi 



T+xi = -xiT+ 



(2.154) 



T xi — —xiT 

q 

T^X2 = qx2T^ 



X2 



2.7 g-deformed Euclidean space in three dimensions 

The i?-matrix for the fundamental representation of a quantum group contains all the informa- 
tion on the i?-matrices for the other representations. One way to extract this information is to 
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construct quantum space variables as products of the quantum space variables of the fundamental 
representation. Let us demonstrate this for SUq{2). 



We start from the relations ( 2.29 ) and the i?-matrix (2_^). We take four copies of the quantum 
planes x,y,u and v such that 



Then we consider "bispinors" : 



yu 



-Rux, xy 



-Rvx 



(2.155) 



-Ruy, yv — —Rvy 



xy ^ X, uv ^ X 



(2.156) 



We can u se (2.152) to single out those components that transform like a three- vector corresponding 
to (12.1491) : 



X' 



x'y\ 



X" 



VT+^- 



-.{xV 



-qxV) 



X^ 



2 2 

X y 



and the same for X with xy replaced by uv. 

The relations (2.156) are sufficient to compute the 9x9 7?.-matrix: 



XX = nxx 



(2.157) 



(2.158) 



The relations are consistent with (2.14C) and the reality condition on the quantum space: 



XO = X°, X^ 



-qX- 



(2.159) 



This makes X'^, X+, X to be quantum space variable of S0q{3). 

The 7?.-matrix will satisfy the Yang-Baxter equation if R satisfies it. 

The 7?.-matrix, calculated that way, has three different eigenvalues 1(5), — (7~'*(3) and q~^{l). 
The number in bracket is the multiplicity of the respective eigenspaces and corresponds to the 
j = 2, j ~ 1 and j = representations. 

As a consequence, TZ satisfies the characteristic equation: 



(7^-l)(7^ + l)(7^-l; 







(2.160) 



which in turn gives the projectors on the irreducible subspaces: 



il2 



Pi 
P3 
P5 



{l + q^){l~q^) 



(7^_l)(7^+ ) 



1 



-—^———{n - 1)(7^ - -) 



(2.161) 



,10 



(«■ 



TW^"' + ?«''-?' 



The projectors contain the Clebsch- Gordon coefficients for the reduction of the 3 (8) 3 repre- 
sentation of 5*05(3). Thus the Clebsch-Gordon coefficients can be derived from the 7?,-matrix for 
g 7^ 1. For q = I the eigenvalues degenerate and it is not possible to obtain all the projectors from 
TZ. But we could compute the projectors ffist and then put q = I. 
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The projector Pi projects on a one-dimensional subspace, we can define a metric from this 
projection: 

XoX = X"X" - qX+X- - -X-X+ = X^X^riBA (2.162) 

q 

7700 = 1, ??+- = --, T]^+ = -q 

q 

With the metric jjab we can lower vector indices: 

Xb = X^r^AB, (2.163) 

We raise them with rj^^ 

X^^-q^^Xc (2.164) 

This defines 77^*-^ by the equation 

^^Vc^-J^, ri^''vcB^6^ (2.165) 

The projector Pi in terms of the metric is 

(^i)cB = ,jl^ y VDC (2.166) 

I + q^^ + q^ 

In a similar way we can use the Clebsch-Gordon coefficients that combine two vectors to a 
vector for the definition of a q-deformed e-tensor: 

Z"^ = X^X^ebc^ (2.167) 

We find for the non-vanishing components: 

s+- — q, £-+ — -<?, £00 — J- — g 

£+0+ = 1, £0++ = -q^ (2.168) 

£-0" = -q^, £0-" = 1 

The indices of the e tensor can be raised and lowered with the metric: 

£ABC = SAB^riDC (2.169) 

The projector P3 in terms of the e tensor is: 

The projector P5 can be obtained from the relation 

Pl+P3 + P5 = l (2.171) 

The 7?,-matrix is a sum of projectors as well. 

n = P^-\p5 + \Pi (2.172) 

q^ q^ 

We can ask for the most general linear combination of the projectors that solves the Yang- 
Baxter equation and obtain TZ and TZ^^. 

A natural way to define the 3-dimensional Euclidean quantum space is: 
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X-X+ = X+X- + {q- -)X"X'^ 
Derivatives can be defined along the line of chapter 3: 



(2.173) 






"B 




q'ni%x^dc 



(2.174) 



To summarize we have constructed an algebra freely generated by elements of the quantum 
space X and derivative d, this algebra is divided by the ideal generated by the relations ( 2.173| ) 
and (2.174). We have constructed it in such a way that the Poincare-Birkhoff-Witt property holds 
and that the algebra allows the action of 50^ (3). 



For the definition of a conjugation that is consistent with (2.174) we first extend the algebra 
by enlarging it by conjugate derivatives. We use the notation: 



d^^dA 



(2.175) 



and obtain from (^.174) and (2.136) 



dcXo = ttVcd 



epAsd d =0 



U^^XaOe 



(2.176) 



The 9, d relations are not yet specified. We can apply dd and dd to X as we did in (2.123) 
and find the consistent relation: 



SFABid^'d +d d^)^0 



(2.177) 



The X, d, d algebra divided by ( |2.173D , ( |2 174|) and ( ]2.176| ) still satisfies Poincare-Birkhoff- 
Witt, is S'Og(3)-covariant and consistent with ( p. 136 ). 

Miraculously it turns out that d can again be related non-linearly to d as it was the case in 



(2.127). This can be achieved by the scaling operator A: 



A = g^ji + {q^ - i)a: o a + q^{q^ - if{x o x)(a o d)} 
aa:^ 



q^X^A 
q-^d^A 



(2.178) 
(2.179) 



If we now define an operator 



d = -A-l {d^ + q\q^ - l)X^{d o d)) (2.180) 

we find that this operator satisfies the relations ( ^.176| ) and ( 2.177| ). Thus we divide our algebra 
once more by the ideal generated by ( 2.180| ). This is exactly the same strategy we used in chapter 
5. From ( |2.180| ) follows 



A = A- 



(2.181) 



As in ( 2.129| ) we define the momenta 



P^ = 



'\^'' 



d^) 



(2.182) 
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Now we are in a position to derive the g-deformed Heisenberg algebra for the three-dimensional 
quantum space defined by (2.f36) and (ETTTS): 



AvB 



P^X 



efabP^P'' 



(2.183) 



*-q3A-i<{(l + ^)77'4S^_(l 



r)^ 



ABF , 



The operato rs A, W and L^ at the right hand side of eqn ( 2.183 ) are defined as differential 
operators, eqn. ( 2.124 ) should serve as an example. The separation of the various terms has been 
done by transformation properties (singlet, triplet) and by factoring the differential operators into 
a product of a unitary and a hermitean operator. This is how W , L^ and A have been defined. 



A = A~\ W ^W and L^ = La 
It turns out that the differential operators form an algebra by themselves 



(2.184) 



and in addition 



KL^ = L^k, KW = WK 



lYLoL 



(2.185) 



(2.186) 



W^-1^ q\q^ 

We can now take the relations ( 2.185| ) and ( 2.186| ) as the defining relations for the A,W,La 
algebra and consider X"^ and P^ as models under this algebra. 

In this way we arrive at the algebra that generalizes the Heisenberg algebra to a SOq{3) 
structure. 

We summarize the algebra: 

q-deformed phase space: 



0, X^ = Xa 



X^X'^SDC'' _ 

P^P^EDC^ = 0, 'P^=Pa 



(2.187) 



SO,{3): 



L'^L^ebc^ ^ -\WL^, L^ = La, L^W = WL'^, W^W 



(2.188) 



W 



1 = q\q^-l)^LoL 



scaling operator: 



A^L^ = L^A5 A^ = A"5 



(2.189) 



comodule relations for S0q{3): 



L^X^ 



-e^^'^XcW 



A^KBDt 



(2.190) 



WX' 



{q'^l + ^)X''W + {q' - l)^e-^^^Xci 



q 



The coordinates can be replaced by the momenta to obtain the module relations for Pa- 
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Scaling properties: 






(2.191) 



generalized (mimicked) Heisenberg relation: 



pA^l 



(7^ 



-1\AB vC r>D 



* 3 A- 



{l + -)^^^W^{l--Ae^^'Lp 



q^ 



(2.192) 



Eqns. ( 2.187 ) to ( 2.192 ) are the defining relations for the algebra we will be concerned with. 
Part III of this lecture should analyze this algebra in the same way as we analyzed the one- 
dimensional Heisenberg algebra in part I. The representation theory of the new algebra has been 
thoroughly investigated, it leads to very similar phenomena as we saw in part I for the represen- 
tations. The q-deformed Minkowski structure has been analyzed in the same way. 
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